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THE LANE-EMDEN SYSTEM NEAR THE CRITICAL HYPERBOLA ON 

NONCONVEX DOMAINS 


WOOCHEOL CHOI 


Abstract. In this paper we study the asymptotic behavior of minimal energy solutions to 
the Lane-Emden system —Au = and —Av = on bounded domains as the index {p^q) 
approaches to the critical hyperbola from below. Precisely, we remove the convexity assumption 
on the domain in the result of Guerra [9]. The main task is to get the uniform boundedness 
of the solutions near the boundary because it is difficulty to adapt the moving plane method 
for the system on nonconvex domains if max{p, q} > For the purpose, we shall derive a 

contradiction by exploiting carefully the Pohozaev type identity if the maximum point approaches 
to the boundary. 


1. INTRODUCTION 

In this paper we consider the Lane-Emden system 


—Alt = yP 

in U, 

—Av = 

in U, 

u > 0, V > 0 

in U, 

u = V = 0 

on 


( 1 . 1 ) 


where H C K” (n > 3) is a smooth bounded domain and (p, g) € (0, oo)^. The nonlinear system 
CH) is a fundamental form among strongly coupled nonlinear systems and it has received a lot of 
interest from many authors. 

The existence theory of (HID is related to the critical hyperbola given by the graph of (p, q) G 
( 0 ,oo)^ of the form 

( 1 . 2 ) 

p +1 9 + 1 n 

This notion was introduced by Clement et al. [5] and van der Vorst m- Under the condition that 
(p, q) satisfies pq > 1 and 

11^-2 

, , ”1 ~T > -) (1-3) 

p +1 9 + 1 n 

Hulshof-Vorst [12] and Figueiredo-Felmer [ 8 ] showed the existence of a nontrivial solution to (ED 
by applying a min-max method of Benci-Rabinowitz |3] with a further assumption min{p, 9 } > 1. 
Recently, the latter condition was relaxed by Bonheure-Moreira-Ramos [4] to p 9 7 ^ 1. On the other 
hand, Mitidieri [T3] obtained a Pohozaev type identity for (ED which yields that if the domain is 
star-shaped and (p, 9 ) satisfies 


1 


1 


p +1 9 + 1 

then there exists no nontrivial solution to (ED- 


< 


n — 2 
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Given the existence result of solutions, a fundamental problem is to find the explicit shape of 
solutions. An answer for this issue can be provided the moving plane method. It enables us to 
yield that if the domain is symmetric with respect to a direction, then so are the solutions (refer 
to [16]). On the other hand, it is expected that the solutions of may become singular as the 
index (p, q) approaches to the critical hyperbola. Actually, Guerra [5] showed that a sequence of 
least energy solutions to dm blows up as (p, q) approaches to the critical hyperbola from below, 
and studied their asymptotic behavior. The result was obtained under an additional assumption 
that the domain is convex and min{p, g} > 1. Up to our knowledge, this result was the only 
contribution on this issue for the system (ini. 

The aim of our paper is to remove the convexity assumption in the result of Guerra |9]. Before 
explaining the convexity issue, it is worthwhile to note that when p = q and u = v, the problem 
CH) is reduced to the Lane-Emden-Fowler equation 

I —Aue = Ue ^ in U, 

1 Uf = 0 on 


(1.4) 


As for this problem, the asymptotic behavior as e \ 0 has been studied very well through a series 
of papers. First, Han nni and Rey studied asymptotic behavior of the least energy solutions, 
and this result was extended to finite energy solutions in Bahri-Li-Rey m and Rey [19] {N > 4 
and A^ = 3, respectively). In addition, applying the Lyapunov-Schmidt reduction method, Rey 
m constructed one-peak solutions to ([El. Also multi-peak solutions were constructed by Bahri- 
Li-Rey n, Rey m and Musso-Pistoia [11 (for N > 3). We remark that many crucial techniques 
used for studying ca are difficult to be generalized for the system ([El. 

Now we turn to the convexity issue. The convexity is needed both for the problems ([El and 
ca if one applies the moving plane method to show the uniform boundedness of the solution Ue 
with respect to e > 0 on a neighborhood of the boundary dfl. This yields that the blow up point 
converges to an interior point, and then a further analysis using the Green’s expression and the 
Pohozaev type identity can be conducted to get further informations of the asymptotic behavior. 
However, if the domain is not convex, it is difficult to apply the moving plane method in a direct 
way. When it comes to the single problem ([El, Han m overcame this difficulty by applying the 
Kelvin transform to ([El on balls which touch the domain H by the boundary dil. Unfortunately, 
such an idea does not work for the system dEl if one of p and q is larger than (see page 
73 and Section 31.1 in m)- This kind of difficulty was also observed previously in [7] where the 
authors obtained the Gidas-Spruck type a priori estimate for (El with the convexity assumption. 

The contribution of this paper is to prove the uniform boundedness near the boundary without 
using the moving plane method. For this aim, we shall make use of the Pohozaev type identity 
and the boundary behavior of Green’s function of the Dirichlet Laplacian —A on the domain H. 
Our approach may work for any smooth bounded domains without the convexity assumption. 

To begin with, we fix a value p € [1, oo) and find q^ > 1 such that 

^ ^ = ^ + e for e > 0. (1.5) 

p -I- 1 qe + l n 

Then {p,qe) is subcritical and approaches to the critical hyperbola as e 0. By the symmetry of 
EO, we may assume that p < qe without loss of generality. We then have p £ 1, 


Definition 1.1. We consider a sequence of solutions {(ue,Ue)}e>o such that each (ug,Ue) is a 
solutions to ED with q = q^. Then we say that {(ue,Ue)}e>o is of type {ME) if the following 
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condition holds; 


S,(SI) = 


/nlA 


P+1 

lie I P ax 


P+1 

\KhL 


= S + o(l) as e \ 0, 


iL‘ie+i(n) 

where S is the best constant of the Sobolev embedding 

||■u||L<^+l(Rn) < 


( 1 . 6 ) 


(1.7) 


1 ^+2 
’ n-2 


We recall the result of Guerra [5]. 

Theorem 1.2 (Guerra [5]). Assume that Q is a convex bounded domain and that p € 

Let {(we, r!e)}e>o is a sequence of solutions to CH) of type {ME). Then {ue,Ve) blows up at a point 
xo € LI as e goes to zero, up to a subsequence if necessary. In addition, the following holds; 

(1) The point Xq is a critical point of the Robin function H{x,x) (see (12.11) ) when p G 


n n+2 
n-2’n-2 


and of the function H{-,xq) defined in 112.lip when p € 

(2) We have 

/ N _ i-I 1 — DO 

lim ||G|||, 


n—2 


)■ 


£—>■ 0 + 


li5(R")l|l^llLP(R")|l^(®o,a:o)| if p > 




^ -LI 
I n-2 


1 


lime II II ^ = ^a^Si^imi^^„^mxo,xo)j 

£^o+ log||u£||L=o(n) n -2 ^ ^ 




2 

1—pg 


9(P+1) I 


ifp = 
ifp < 


n-2’ 

n 

n-2’ 

n 


,^o+ " —-oo " -- 'n-2' 

Remark 1.3. The assumption p > 1 is due to a technical reason. Especially, the proof of Lemma 
2.3 in [9] for the global upper bound of the rescaled solutions works for p > 1 (see Lemma iTSl 
below). Removing this assumption be also an interesting problem. 

Now, under the assumption that LI is any smooth bounded domain, we state our first main 
result. 


Theorem 1.4. Letp G ■ Consider a sequence of solutions {(we, r!e)}e>o to (11.11) of type 

(ME). Then {ue,v,0 are uniformly bounded near the boundary and blows up in an interior point 
of LI. 

As a hrst step for Theorem 1 1.41 we prove in Lemma l3T] that the sequence of solutions blows up 
using the strict inequality of Green’s functions (see (13.21) '). Then, we are left to show that the blow 
up point Xe (see (13.11) 1 are uniformly away from the boundary. This is the main part of the paper. 
To show it, we shall argue by the contradiction. Suppose that the blow up point approaches to the 
boundary dLl as e \ 0. Under this assumption, our strategy is to derive a contradiction from the 
following Pohozaev type identity (see Lemma [3. 6 11 on an annulus centered at the blow up point; 
f (dv^ dv^ dUe 


ldB{x,,2d,) V c>v dxj di> dxj 


dS, 


1 


p + 1 




) 2 dg) 

— [ 

+1 Jai 


(VUe • Vvf)l'jdSx 


( 1 . 8 ) 


u1‘^^VjdSx 


ldB{x^,2d^) ?£ -I- r JdB(x^,2d^) 

where € U is the maximum point of {u,,,Ve) defined in (13.11) and de = dist(a;e, clUe)/4. 

The left hand side will be estimated as a derivative of the function H multiplied by some value 
depending on e, where H is the regular part of Green’s function on domain LI (see (12.11) 1. Then, 
applying the estimate (12.41) for id; 

Ux ■'^iH{x,x) > Cd{x)~^^~^'^ for a; G U with d(a:) < c, (1.9) 
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we can get a lower bound of the left hand side. In order to estimate the left hand side of (ll. 8 |) , we 
need to represent the solution (u^,Ve) on dB{xe,‘2de) in terms of Green’s function with a relatively 
small error. It requires a careful analysis as G{x,Xe) for x G dB{Xf_,2d^) goes to infinity as e goes 
to zero since lim£_>o dc = 0. We shall obtain the desired estimates in Lemma l5. H and Lemma l 6 .II 
On the other hand, we shall find a sharp upper bound of the right hand side using the decaying 
property of solutions near the blow up point. Occasionally, these two lower and upper bounds will 
lead to a contradiction. Due to a technical reason, we will handle the cases p > —^ and p = 
separately in Section 5 and Section 6 . 

It requires more work to handle the case p < due to some technical difficulty. In particular, 
we need to handle the function G : fi x —)■ R defined by 

f -Aa:G{x,y) = GP{x,y) x G n, ^ 

'I G{x, y) = 0 X G dil. 

The C^-regular part H of function G will be defined in (12.91) and it will play a similar role as the 
regular part H of Green’s function G. For our aim, we will derive the following estimate of H near 
the boundary of the domain: 


Theorem 1.5. Assume that n > 5. There exists a constant a„ > 0 such that for p G [1,1 + ctn), 
the following statement is true; 

(Al) There exist constants C > 0 and i5 > 0 such that, for x G Tl with d(x) := dist{x, dTL) < 5 
satisfies the inequality 

x) > (1.11) 


The proof for this result is much more involved than that of the estimate (jl.l2|) for the function 
H which can be obtained directly by applying the Maximum principle. To prove the result, we 
shall rescale the function iL in a suitable way and investigate its limit. Then we shall see that 
(Al) holds true provided a value of certain integration is not zero, where the value depends only 
on the values n and p (see Lemma l2.5l) . We may check that it is true if p = 1 and then a continuity 
argument will prove Theorem 11.51 When the values of n and p are given, one might test that the 
value is nonzero in a numerical way and we guess that the estimate (11.111) of H given in (Al) is 
always true. 

Now we are ready to state our result for the case p < 


Theorem 1.6. Let p G 


1 , 


. Assume that the estimate (HHl) of (Al) holds. Then, any 
sequence of soluizons to (HID satisfying (USD is uniformly bounded near the boundary 

and blows up in an interior point of D. 


In order to prove this result, we shall follow the strategy used for Theorem [TH However, some 
more careful analysis is required. As there, we shall obtain a contradiction from the Pohozaev type 
identity when we assume that the blow up point converges to a boundary point. In this case, it is 
suitable to write the Pohozaev type identity (|1.8D in the following way 


ldB{xe,2de) 

P + 1 JdB{x^,2d, 


dv dxj dv dxj) ^ Jp 


dB{Xe ,2de) 


(Vit • 'S/v)vjdSx 


yP^^VjdSx 


( 1 . 12 ) 


+ 1 


dB{x^^2de.) 
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First, to get a sharp estimate of Ue{y) for y € dB{xe,2de) for computing the left hand side, we 
will also need to know a sharp estimate of the value Ve{x) for all x G il. These estimates will 
be achieved through Lemma [7.21 and Lemma [7.31 Injecting these estimates into (I1.12|) . we will 
estimate the left hand side as a multiple of the derivative dxjH{x, Xf:)\x=x^- Then, by applying the 
lower bound (11.111) we will get a sharp lower bound of the value (11.121) . On the other hand, an 
upper bound of the value (11.121) will be obtained from the right hand side using the decay estimate 
of Ue. Then, those upper and lower bounds will lead a contradiction again. 

Once we know that the blow up point converges to an interior point, then the argument of 
Guerra [9] can be applied to investigate the further detail on the blow up solutions. Hence the 
result of Theorem 1 1.2 1 holds without the convexity assumption on the domain 0 for p S 


and with an additional assumption for p G 

We remark that when p = 1, the problem (HI) is reduced to the biharmonic equation 


{ A^u = in H, 
u > 0 in H, 
Au = u = 0 on dfl 


As for this problem, the asymptotic behavior of the least energy solutions as q Z' was studied 
first by Chou-Geng with the convexity assumption on the domain. Later, Ben Ayed and El 
Mehdi [5] removed the convexity assumption. Our argument is similar but different to that of [5] 
in the point that they used the Pohozaev type identity implicitly and the inequality (11.111) with 
p = 1 while we use the Pohozev type identity in a more direct way. In addiction, up to author’s 
best knowledge, the inequality (11.111) even for p = 1 is first proved rigorously in this paper. 

Before finishing this section, we mention the Brezis-Nirenberg type problem 


—Au = yP + Xv 

in B, 

—Av = u'^ + pu 

in B, 

u > 0, V > 0 

in B, 

u = V = 0 

on 9B 


(1.13) 


where (p, q) satisfies the relation (11.21) and A > 0 and /i > 0. Hulshof-Mitidieri-Vorst m found 
nontrivial solutions to (11.131) for 0 < Ap < Ai(B)^ where Ai(B) is the first eigenvalue of — A on B 
with the Dirichlet boundary condition. Guerra [9] studied also the asymptotic behavior of energy 
minimizing solution as (A, p) —>■ (0, 0) when B is a bounded convex domain. It would be not 
difficult to modify our arguments in this paper to remove the convexity assumption also for the 
problem ()1.13() . 

This paper is organized as follows. In Section 2, we are concerned about the properties of 
Green’s function along with the related function G and its regular part H. We shall obtain a sharp 
estimate of Green’s function in Lemma 12.21 which will be used to prove Theorem B.5I In Section 
3, we show that a sequence of the minimal energy solutions should blow up and that the blow up 
point cannot approach to the boundary too fast (see Lemma 13.31) . Also we shall recall the global 
L°° upper estimate of Guerra [9] for the blow up solutions and the Pohozaev type identity. In 
Section 4, we will obtain a sharp estimate of the function on an annulus centered at the blow up 
point for all p G 1, ■ Section 5 is devoted to prove Theorem II.41 for the case p G ■ 

First we shall obtain a sharp estimate of the solution near the blow up point, and then derive 
a contradiction from the Pohozaev type identity if the blow up point approaches to the boundary. 
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These arguments will be modified in Section 6 to prove Theorem II.41 for the case p = 77^■ Section 

To handle that case, a more 


n —2 


7 is aimed to prove Theorem 11.61 concerning the case p € 1, 
careful analysis will be conducted to estimate the solution on an annulus centered at the blow¬ 
up point. Then we shall derive a contradiction again from the Pohozaev type identity if the blow 
up point approaches to the boundary. In Section 8 we shall prove Lemma 12.51 and Theorem 11.5 
concerning the properties of the function H. In Appendix A, we shall give the proof of Lemma l2. 2 
on the sharp estimate of Green’s function. 


Notations. 

Here we list some notations which will be used throughout the paper. 

- {(Me,Ue)}e>o always represent a sequence of solutions to (ll.l|l with {p,qe) satisfying ()1.5I1 and the 
the minimal energy type condition (ira . 

- C > 0 is a generic constant that may vary from line to line. 

- For fc £ N we denote by B^{xo,r) the ball {cc £ : |x — xqI < r} for each a:o £ and r > 0. 

- For a; £ we denote by dist(a;, 9H) the distance from x to dO, and we denote d(a;) := dist(a;, 5f2). 

- For a domain D C K.", the map u = [vi, - ■ ■ , Vn) ■ dD K” denotes the outward pointing unit 
normal vector on dD. 

- dS stands for the surface measure. 

- 15”“^! = lT{n 12) denotes the Lebesgue measure of (n — l)-dimensional unit sphere 5'"“^. 

- For / : R" X R” R we denote Vif{x,y) := Vaf{a,y)\^^^ . 


2. Preliminary results 


In this section we are concerned with Green’s function and the related function G and its regular 
part H. The property of Green’s function G and its regular part H is important throughout the 
paper and the function G with its regular part H is essential in Section 6 where we treat the case 

^ ’ rj.- 


2.1. Green’s function and its regular part. Let G be Green’s function of —A on SI with the 
Dirichlet boundary condition. It is divided into a singular part and a regular part as 

- iL(a:,y), (2.1) 

where c„ = l/(n — 2)|S'„_i| and the regular part iJ : SI x S7 —>■ R is the function such that 

f -Aj;H{x,y)=0 X £ SI, 

\ H{x,y) = G{x,y) x £ dfl. 

Let d(x) = dist(x,dS2) for x £ S2. Take a small constant i5 > 0. Then, for any x with d(x) < S, we 
can find a unique direction Ux £ such that x -|- d(x)na; £ dfl and we set x* = x -I- 2d(x)n2,. 

We recall the following result. 


Lemma 2.1 (Rey [20]). The following estimates hold: 




and 


\x-y 


VyiL(y,x) = VyiL(x,y) =+ o(d(y) i)) 

1 ^ y \ 


( 2 . 2 ) 


(2.3) 
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where the notation o(-) means that 

lim —= 0 for k = n — 2 or n — 1. 
d{y)^0 d{y)-k 

By taking y = x in (1231), we can find a small constant c > 0 such that 

(n — 2)c. 


'S/iH[x, x) > 


d(x) for X £ Q with d(a;) < c, 


(2.4) 


where we have denoted 'S/iH{x,x) := 'S/xH(x,y)\y-x- 


The estimate (12.41) will be essential in the proof of Theorem II.41 In the next subsection, we will 


define the function G in terms of the function G for the case p £ 


1, ) and define its regular 


part H. In proving Theorem 11.51 in Section 8, we will need to have sharp upper estimates of the 
values of H{x,y) and S/xH{x,y) for all {x,y) £ it x it. For this reason, we obtain an improved 
version of Lemma 12.11 in the following lemma. 


Lemma 2.2. For {x,y) £ ft x id we have 


H{x,y) = 


F - y 


* In—2 


o 


d(2/) 


\x-y 


*|n—2 


and 


\x - 


d(2/) 


d(a;)|a; - y 


|n—2 


(2.5) 

( 2 . 6 ) 


where the notation O means that there is a constant C > 0 such that 

\0{fix,y))\ < G\f{x,y)\ for all {x,y) £ fl x fl. 
Proof. The proof is deferred to Appendix A. 

For later use we formulate the above result as follows: 


G{x,y) = 


\x - y\ 

Cn 


-^-H{x,y) 


I 2 ; _ y|n -2 | 2 ._y*|n -2 


o 


d(2/) 


F - y 


|n—2 


V (x, j/) G o X n. 


□ 


(2.7) 


2.2. The function G and its regular part H. In order to study our problem for the case 


P e 


’n-21’ 


we need to consider the function G : il x il ^ M. defined by 

-AxG{x, y) = GP{x, y) x £ n, 

G{x, y) = 0 X £ do. 


We define its G^ regular part H : il x il 
H{x,y) = 


by 


for p £ 


J |a;_y|P(n- 2)-2 Gix,y), 


1 —^ 
n-2 J ’ 

n—1 n \ 
n-2 ’ n-2 J ’ 


where 


ai = 


and 02 = 


pc; 


.p-i 


[(n — 2)p — 2] [(n — 2)p — n] [{n — 2)p — n] [(n — 2)p — 2n + 2] 

These functions then actually have the G^ regularity as the following lemma shows. 

Lemma 2.3. For each y £ ft, the function x £ ft ^ F[(x,y) is contained in Gl^^{fl). 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 
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Proof. By a basic regularity theory, it is enough to check that the function a; G fl —>■ {—Ax)H{x, y) 
is contained in for some rj > 0. For this aim, we begin with the computation 

{-A)\x\-°‘= a{n-a-2)\x\-^°‘+^'> for x G \ {0} 

for each a ^ n — 2 . Using this and (12.91) along with (12.81) for x G U we find that 

- GP{x, y) if p G 


{-Ax)H{x,y) = < 


. _ lln-2)p - y) - yX 


-1 


1 


1 1 

n-2 


|a;_y|(«-2)p - |^ _ y|(„_2)(p-i) 


n—1 n 
n—2 ’ n—2 


( 2 . 11 ) 


In addition, the boundary value of H{x,y) for x G dfl is computed from (12.91) as 


-H{x,y) = 


q;i|x —pI if p G 

ai|x — p|“[(”“2)p-2] _ Q,2iJ(j:, y)c^“^|x — p|“[("“2)(p-i)-2] jf ^ g 


71-l \ 
’ n-2 J 


n— 1 n \ 
n-2 ’ n-2 J 


Given the above information, we shall now finish the proof for the two cases p < and p > ^5^ 
separately. 

Case 1. Assume that p G ^ 


Inserting m into (j2.1II) we have 
-AxH{x,y) = 


< 


|x — p|(” 

Cy 

\x — p|("“ 2 )(p-l) ■ 


- y\ 


n—2 


- H{x,y) 


( 2 . 12 ) 


where Cy > 0 is a constant depending on y. We can check that (n — 2)(p — 1) < 1 since p < 


Thus we can deduce from (12.121) that {—Ax)H{x,y) G for some 77 > 0. 

Case 2. Assume that p G 


n— 1 n \ 
n-2’ n-2 ) ' 


Plugging (12.11) into (12.111) we find 


AxH(x,y) = ■;- ;—- — H{x,y) ) — - ^—|-piF(x,p)c£ -^ 

By applying the Taylor formula of second order we have 

r rP 1 

-- - — H{x,y)\ --TT h piF(x, p)c£“^---^T7—^ 

,_y|n-2 '■ | 2 ._y|(n- 2 )p ^ V n |^ _ ^ | (n-2) (p-1) 

. P-2 


(2.13) 


2 p(p-l) (| 


(2.14) 


^-tH{x,y)] [l-t) dt, 


|x-y|” 2 

For fixed y £ fl, we claim that the above value is uniformly finite for x G U. For this we remind 
that sup3.gf2 iJ(x, p) < oo and we take a constant c > 0 small enough. Then one may see that 
p.l4|) is bounded by looking at the first formula for the case |x — p| > c and the second formula 
for the case |x — y| < c. 

Keeping also in mind that sup,j,gf2 |Va,iJ(x, y)| < oo for each fixed p G U, we can find a constant 
Cl > 0 such that 

2pV,iJ(x,p)cri 


[(n — 2)(p — 2) — 2] |x — p|(’^-2)(p-i) 


KjL-u<Ci\x-y\-^-^^^P-^^+^ VxGU. 
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Since p < , we have 

{n — 2){p — 1) — 1 = {n — 2)p — n—1 = 1 — S for some <5 > 0. 
Therefore we may estimate (12.131) as 

-A^H{x,y) <C\x-y\~^~^^ Wx £ fl, 

which implies that H{-,y) £ for 77 > 0 small enough. The lemma is proved. 


□ 


Remark 2.4. In [9], the regular part of G is defined as Ho{x,y) = ~ C!{x,y) for any 

p £ ^1 ,■ However it should be replaced by (12.91) for the case p > In fact, it was noted 
in [9] that Ho{x,x) = H{x,x), which leads to -^[Hq{x,x)] = ■^[H{x,x)]. However, the function 
Ho{x,y) is not symmetric in x and y variables. Hence we may not claim that ■^HQ{x,y) 

^-^Ho{x,x) holds and the former one ■^HQ{x,y) is the required value in Theorem 11.21 


In the following lemma, we show that (11.111) holds true under some assumption not depending 
on the domains. 

Lemma 2.5. 

(1) If p £ 1,^^^), then (Al) is true if the following condition holds 


(1 - Zn) (1 + Zn) 


1 


1 


Z - Cn 


^{n- 2)ai 


I dw. 


|(2/-e„)|("-2)(P+i) 


dy - 


2n 




2 - e„|("-2)p 
dy 


dz 


(2.15) 


(2) Ifp£ 


n-2 ’ n-2 


, then (Al) is true if the following condition holds 


(1 - Zn) (1 + Zn) 


\z + Cn 
P 


1 


1 


1 


2p{n — 2) 


z + 1 (z-l) 


\z - e„|("“2)(p-i)|^ _|_ e„|"-2 [(n - 2){p - 2) - 2] |2 + en|" \z - e„|("“2)(p-i) 

2 , f 2n 


^ (n- 2)(ai - 02) 


l(?/-en)|("-2)(P+i) 


dy - 




:dy 


dz 


(2.16) 


The proof of this lemma will be deferred to Appendix A. There, we will also prove that (|2.15l) 
is true for p G [1,1 + «„] for a value > 0 depending only on the dimension, which is exactly the 
content of Theorem O 


3. Preliminary results on blow up 


In this section we obtain preliminary results for a sequence of the solutions {(ue, Ue)}e>o of type 
{ME). We take a value > 0 and a point x^ £0, such that 

P+l Oe + l P + l Ue + l 

Ae = max max{Ue " {x), Ue " (x)} = maxiue " (Xe), Ue " (Xe)}. (3.1) 

We will prove that this value diverges to infinity as e goes to zero in the following lemma. The 
proof will use the property of Green’s function that we remind below. 
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For Q C K” we use the notation i^(_AQ)-i : Q x Q —?► R to denote Green’s function of the 
Laplacian —A on Q with the Dirichlet zero boundary condition. We also let A'(_a)-i denote 
Green’s function of the Laplacain on R", i.e., 

'f(-A)-. (-.») = 

Then, it is a classical fact that for any smooth subset Q C R" with Q ^ R", we have 

K(-AQ)-^{x,y) < K(^_^yi{x,y) for all (x,?/) € Q X Q. (3.2) 

Lemma 3.1. We have lime_>o Ae = oo. 


Proof. In order to prove the lemma, we assume the contrary. Then there is a subsequence {efcjfeeN 
with limfc_>oo Efe = 0 we have supj,gjij < oo. This implies that the solutions are 

uniformly bounded in C^’“(0) x for some a € (0,1) by the standard regularity theory. 

Hence {ue^,,Ve^) converges in x (7^(0) to a nontrivial solution (uo,vo) of the equation 

{ —Auq = Vq in H, 

—Awo = Uq ia H, (3-3) 

uo = Vo = 0 on di2. 

On the other hand, by taking the limit fc —>■ oo in (11.61) we get 

lluollLi+qn) =-5'"^||Auo|| p±i . 

L p (fl) 

Let us set wo : fi —>■ R+ by wo(x) = (—Aq)uo(x) for x G il. Then ito(x) = (—Ao)“^wo(x) for 
X G fl and so we have 


IK ^olL^+qn) 

We extend the function wq to set wq : R" —>■ R+ by 

I 7/L 

Woix) = 


= S p+i 11^0 II p+i 

L p (n) 


wo(x) 

0 


for X G fl, 
for X ^ fl. 

Then, using the inequality (13.211 and (13.411 we obtain the following estimate 

L p (R") L P (n) 

\-l 


= ll(-Aa) uio||L<i+i(n) 

< ||(-Aa)“^u>o||L'!+i(0) < ll(-A)“^WQ||i9+i 


L- 


(3.4) 


— P 

However, this contradicts to the optimality of the constant S p+i of the inequality (11.71) . Therefore 
it should hold that lime_>.o A^ = oo. The lemma is proved. □ 


Remark 3.2. In the author proved A^ as e —^ 0 using the convexity assumption of fl since a 
convex domain is a star-shaped domain for which the Pohozaev type identity of m can be applied 
to yield that (13.31) has no nontrivial solution. However, the blowing up of the sequence of solutions 
with the minimal energy type condition dm) can be deduced only using the condition dm without 
the convexity assumption as the proof of the above lemma shows. 


For each e > 0 we set fl^ := Xe{fl — x^) and normalize the solutions as 

Ite(x) := Ae Me(A7^a; + Xe), and l;e(x) := Ae Ue(A7^X-I- Xe), for X G He. 
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Then it holds that 

{ —Aue = in flj, 

—Avc = in flj, 

Me = lie = 0 on Srie, 

and 


(3.5) 


niax{ue(a;), Me(a:)} = 1 = max{Me(0), Me(0)}. 

xGOg 

In the next lemma, we obtain an estimate for the distance between the maximum point of the 
solutions and the boundary 9f2. 


Lemma 3.3. ITe have lime->.o \edist{xeTdVl.) = oo. 


Proof. The proof is similar to that of Lemma 13.11 As there, we assume the contrary. Then, 
up to a subsequence, we have lime_>o Aedist(xe, 917) = I for some I € (0,oo). This then implies 
that the extended domain converges to a half space H = {x > 0} some 

(oi, • • • , a„) G R” \ {0} as e —^ 0. Also, the normalized functions converge to a nontrivial 

solution ({7, V) of the problem 

-AU = V^ inn, 

< -AV=U'^ inn, 

u = v = 0 on an. 

\ 

and we know that {x, y) < K(^_^^-i{x, y) from (13.21) . Then we can obtain a contradiction 

as in the proof of Lemma 13.11 Thus the result of the lemma is true. □ 


We set dj := |;dist(a;e, 917) and iVe = deAg. Then we see from Lemma |3A] that 

de = -A and lim Ag = oo. (3-6) 

Ag 

Remarkably, the fact that Ag —>■ oo as e —?► 0 plays an important role in the proofs of Theorem ll.41 
and Theorem 

Next we recall from [9l Lemma 2.2] the following result. 

Lemma 3.4 ([5]). There is a eonstant C > 0 independent of e > 0 such that \\<C for all e> 0. 
By this result we have 

Ag^ < CAg^. 

We shall use this inequality in many places of the proofs of our main results. 

By Lemma 13.31 the domain llg converges to R" as e goes to zero, and so the rescaled solution 
(ug,Mg) converges in C'fQ^(R") to a solution {U, V) of the problem 

{ -Au = yp 
-AA = 1/9 
Uiy) > 0, V{y) > 0 

U{0) = 1 = max,ggK" U{x), U ^ 0, V ^0 

We recall the result of Chen-Li-Ou [CLO] that U and V are radially symmetric HUG 
V G LP+^(R^) and p > 1. In addition, Hulshof and Van der Vorst [13] obtained the asymptotic 


in M", 
in R", 
y G R’ 
as jyj 


(3.7) 


OO. 
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behavior as follows. 


lim 


V{r) = 


and 


lim„ 


,r^ '^U{r) = b 


C/(r) = b 


log r 


ifp> 


(3.8) 


limr^oorP^ ‘^U{r) = b < P < 


In the following sections, these sharp decaying rates will be used frequently in a combination with 
the following result. 


Lemma 3.5 ([9]). There exists a constant C > 0 such that 

Ue{x)<CU{x) and Ve{x) <CV{x), Vx G lie Ve > 0. 


(3.9) 


Proof. The proof is obtained through a combination of the Kelvin transform and a Moser iteration 
argument. We refer to [9] for the detail. □ 


Let us define the following constants 

Av = [ VP{y)dy, Au = [ U‘>{y)dy. 
Jr^ Jr^ 


(3.10) 


We end this section with a local version of the Pohozaev type identity for the problem im. 

Lemma 3.6. Let 1 < j < n. Suppose that {u,v) G C^{Lt) x C^{Lt) is a solution of (II.111 . Then, 
for any open smooth subset D G LI, we have the following identity. 


du dv dv du , t , 

— — + ] dSx+ I (Vn • yv)vjdS,, 

dD 


IdD \ di' dxj dv dxj 
1 


1 


(3.11) 


p+l 


'dD 


v^^^VndSx H- 

9 + 1 


'an 


u^'^^VjdSx, 


where D is an open subset of LI. 


Proof. Multiplying (11.11) by ^ we get -Au-^ = v^-^. Integrating this over the domain D and 
using an integration by part, we get 


I n a dSx 

IdD 


V7 1 

VU • -r- dbx = 


f D 


dxd 


p + l 


/ . 


v^'^^VjdSx. 


Similarly we have -Av-^ = u'^ 


du 

dxj 


and 


_ [ dvdu 

I Pi iA + 

JdD 

Summing up p.l2l) and (13.131) we get 


Vv ■ ^^dSx = 


f D 


P+l 


/ yP+^VjdSx + 

'dD Q + ^ JdD 

f / du dv dv du 

JdD V 


dxj 


u'^'^^VjdSx 


— [ 

+ 1 JdD 


v'^^^VjdSx. 


(3.12) 


(3.13) 


dVu 


dSx + Vi; • 

J D DX 


dSx + / Vm • 


'D 


dVv 

dxj 


dSx 


7 ( 


du dv dv du , 

dSx+ I (Vm • L7v)v,dSx, 


laD\9vdxj dv dxj/ jg^ 

where we applied an integration by parts in the second identity. This is the desired identity (13.lip . 
The lemma is proved. □ 
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From Section 4 to Section 7, we shall always denote by {(ite, fe)}e>o a sequence of the solutions 
of type (ME), and also we shall keep using the notations and defined in (13.11) along with 
de = ^ defined in (13.61) . 

4. Estimates for on the annulus 

In this section we prove a sharp estimate for and its derivatives on the annulus dB(xe,2de), 
which will be necessary for evaluating the left hand side of (11.81) . Although the a priori assumption 
de —>■ 0 makes the analysis not easy, we shall get the desired estimate through a careful analysis. 
We state the following result. 


Lemma 4 


.1. Suppose p G 


n n+2 
n—2 ’n—2 


. Assume that {(ue, t'(;)}e>o is a sequence of solutions to 

(4.1) 

(4.2) 


dm) of type (ME) and that limg_).o d^ = 0. Then, for x G dB(xe, 2df) we have the estimates 

Ve{x) = AuXe + ^ G{x, Xe) + o{df^'^~'^'^Xe ) 

and 


Vv,{x)=AuXe ■''+^VG(x,x,) + o(C("-i)A, «+^). 

In addition, the o-notation is uniform with respect to x € dB(xe,‘2de), i.e., it holds that 




lim sup _^ 

xedB{x„2d,) 


= 0 for k = n — 1 or n — 2. 


Proof. As the function {ue,Ve) is a solution to dm, we have 

Veix)= [ G(x,y)ul{y)dy 
Jo, 

= G(x,Xe) ( [ ul{y)dy\ + [ [G{x,y) - G{x,Xe)]uj(y)dy. 

\Jq J Jn 

Given the estimates (13.81) and (EH), we may apply the dominated convergence theorem to yield 


(4.3) 


lim Ag 

e-)-0 


ufiy)dy = lim uf{y)dy= U'^{y)dy = Au. 






Using this and the fact that G{x,Xf_) = 0{\x — Xe\ ^^) = 0{de ^^) for x G dB{xt,2.dZ), we 
have 

G{x,x,)( [ ui‘{y)dy) = A,”^ A^G(a;, x,) + o(A7^C("-")). 


Hence, to prove dm, it is only left to estimate the last term of (14.31) . For this aim, we divide the 
term into three parts as follows: 


where 


[ [Gix, y) - G{x, xZ)\uf {y)dy = h (x) + h (a:) + h (a:), 
an 

/i(a;) := [ [G{x,y) - G{x, Xe)]u1‘{y)dy, 

J Bix.AA 


(4.4) 


h{x)-.= f [G{x,y) - G{x,Xe)]uf{y)dy, 

J S(Xe,4cie)\-B(^Ce,<ie) 

h{x) := f 
Jn 


n\B{xe i4dg) 


[G{x,y) - G{x,Xe)]u1‘{y)dy. 
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We shall show that Ii{x), hix), and l 3 {x) are estimated as o (^de ^ and their derivatives 

V/i(a;), V/2(a;), and V/3(a;) are estimated as o ^d7^”~^^Ae . 

Estimate of Ii. Since \x — Xe\ = we have |a; — ?/| > de for y G B{xe,df). Thus 

|VyG(x,y)| < and \V,VyG{x,y)\ < Cdf^ Vy G B{x„d,). 

Combining this with the mean value formula yields 

\G{x,y) - G{x,xf)\ <C\y - and \\/^G{x,y)-Va:G{x,xf)\ < G\y - Xe\df'^ (4.5) 

for all y G B{X(_, d^). Using this and (13.91) we estimate /i as 


/i(x) < GC("-i) / |y-x,|A,-+^C7«(A,(y-x,))dy 

dS(Xe.de/ 2 ) 


/ \y\u'^{y)dy 

J B(G,NJ2) 

f \y\U’^{y)dy. 

B(0,NJ2) 


= Gd 7 (”- 2 )Ar^fVr^ I 

Injecting this into (14.61) we get 

h{x) = o{d:^^-^^\:^). 

By the same way along with the second inequality of (14.5|) , we can obtain the estimate 

V/i(x) =o(d7(”-^)Ar'^). 

Estimate of h- For y G B{Xf_,4,d^) \ B{xe, de) we use the estimates (13.91) and (13.81) to find 

CXj^ 


Note that 

Hence we have 


Ueiy) < CXt^^U{K{y-xf)) < 

x — y\< 8de for y G i?(xe,4de) and x G dB{xe,2de). 

G 


|G(a:,y)| + \G{x,Xe)\ < 
\X/a:G{x,y)\ + \X/ccG{x,Xe)\ < 


< 


\x — y\‘n.-2 de"~^^ \x — y\'^~‘^’ 

On, C77, ^ G 


Using the first estimate of (14.8|) and (14.7|) we deduce 

1 


/ B{XeAde)\B{Xe,de) 


\x-y\^ 


;dy 


qn P 

/2(x) < GA,’+^d7(”-2)'?A-("-2)9 / 

Jb\ 

Since q > n/{n — 2) the above estimate leads to 

/2(x) =o(A:^d7(’^-2)) . 

Similarly, using the second estimate of (14.8L we obtain 

X7i2{x) = o = o (Ar^dr^”-^)). 


(4.6) 


(4.7) 


(4.8) 


(4.9) 
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Estimate of I 3 . In view of that \x — Xe\ = 2dg, we easily get the following estimates 

j \G{x,y) - G{x,Xe)\ < ior y € fl\ B{xeAde), 

\ |V,G(x,y) - V,G(a:,a:,)| < for y G n\ B{x,,4de). 

Using the first inequality of (I4.10L we get 


(4.10) 


hix) < Gd:^^-^^ [ 

Jn 

From (13.81) and (13.91) we deduce 

t uf {y)dy = Xe 


n\B(x,,4de) 


^{y)dy. 


ln\B{x,,4de) 


'Qe\B{0,4N^) 


< CXe " / 

9R"\B(0,4Are) 

< CX~^ _/\r-("-2)g+n^ 


'{y)dy 


U‘^{y)dy 


Thus, 


h{x) < Gd7(”-2)A, N-{n- 2 )q+n ^ ^ ^ ^ 

where we used the fact that (n — 2)p — 2 > n — 2. Similarly, applying the second estimate of (I4.10p , 
we may obtain 

X 7 h{x) = o = o . 

Collecting (14.6|) . (14.9F and (14.111) we get 

h{x)+hix) + h{x) = o (c^”""^Ar^) 

and 

|V,/l(x)| + |V,/2(x)| + |V,/3(x)| = O . 

We can deduce from the above estimates to get 

Ve{x) = AjjXe G{x, Xe) + O Xe ^ 

and 

V,u,(x) =Alc/Ar^V,G(x,x,)+o(d7("-i)Ar^) . 

The lemma is proved. □ 

5. The case p > 

This section is devoted to prove Theorem 11.41 for the case p > . For the proof, as we 

explained in the introduction, we will assume that the maximum point x^ converges to a boundary 
point, and derive a contradiction from the Pohozaev type identity (11.81) on the annulus dB(xe, 2df). 


Lemma 5.1. Suppose p G ■ Assume that {(u£,Ue)}e>o is a sequence of solutions to 

dm) of type {ME) and that hme_>o de = 0. Then the following estimates hold. For x G dB{xe, 2d^) 
we have 

u,{x) = AvX7'^G{x,x,) + o{df^'^-^'^X7'^) (5.1) 

and 

Vm,(x) =AyA7^VG(x,x,) + o(d7(”-i)A7^). (5.2) 

Flere Ay is the constant given in (I3.10p and the o-notation is uniform with respect to x G dB{X(^, 2.d7). 
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Proof. The proof follows the same lines of the proof of Lemma l4T] The only different part is (iThl) . 
which should be replaced by 




\y\VPiy)dy < C 


B{0,N^) (1 + ^ 


dy 


1 

f ^ 

if p G 

/ n+1 
\n-2^ 

n+2 \ 

n-2 J 


ClogA^ 

if p = 

n+1 
n-2 ’ 


1 

(J]\f-{n-2)p+n+l 

if p G 

1 n-2’ 

n+l\ 
n-2 J 


As the power of N is less than 1, we can get the estimate Ii{x) = o((ie ) as in the proof 

of Lemma HU The other parts of the proof work in the exactly same way. □ 


Now we are ready to prove the main result for the case p G 


{ n n-\-2 
\n-2 ’n-2 


Proof of Theorem \1.4\ for the case p > . Let = dist(a;e, 30). Then we need to show that 

infE>o de > 0. For this aim, with a view to a contradiction, we assume the contrary that dg —> 0 as 
e —>■ 0 in a subsequence. 

By Lemmawe have d^ = ^ with oo. Now we set = B{x^, 2df) for each 1 < j < n 

and we define the values and by 


Li : = - 


due dve dve due . I . , 

— — + —— ]dS^+ I (Vw. • yv,)vjdS^, 

dD^ 


dDf V dxj dv dxj 


Ri : = f vf+^i^jdS^ + f 
P + ^Jan. de + lJaD, 


uf^^^VjdSx- 


Applying Lemma [?751 to {ue,Ve) with D = we obtain the following identity 


Li = m. 


In what follows, we shall estimate both the values of Lj and Rj precisely, which will give us a 
contradiction. 

Using (lOD and (021) we compute as 

+ A,-("-2+^)Ac/Av [ \VGix,x,)\'^i^jdSx + o 
Jao, \ 

= -A7("-2+^)A£/Ay/(2d,) + o(d7("-i)A7(”-")), 



where we have set 


I{r) := 


L 


dB{xe,r) 


dC 8 

2^:^{x,Xe)-^ - G{x,Xe) — \VG{x, Xe)\'^ l^jdSx 


dv 


dxi 


for r > 0. 


To compute the value of /(2de), we hrst observe that I{r) is independent of r > 0. To show this, 
we remind that —/2^xG{x,xf) = 0 for a; € := B{xe,2de) \ B{xe,r) for each r G (0, 2de). Using 
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this and integration by parts we obtain 

f BC 

0 = / — {x,x^)dx 

JAr C)Xj 

[ BG, ,dG, , f ^ . 

= -/ -^{x,Xe)-^ - {x,Xf_)dS^+ VooG(X,Xe)—^ - {x,Xe)dx (5.4) 

JdAr. dv dxj Ja, dxj 

f dG, ,dG, , 1 /■ ,^ m2 

= -/ -^{x,x^)- — {x,Xf_)dSx + - \V;^G(x,x^)\ VjdSx, 

JdAr oi' OXj 2 Jqa^ 

which implies that I{r) is constant on (0, 2df]. Using this fact, we compute I{2df) by the following 
limit; 


I( 2 de) = lim I{r) 
1—>-0 


= lim 
1 —>-0 


dB{xe.,r) V 


Cn{n — 2) BH 
Bv 


{x,Xe) 


Cn{n — 2){x — Xe)j BH 
\x — Xf\'^ Bxi 


{x,Xe) 


c„(n - 2){x - Xe) 


— VH{x,Xe)] VjdSx- 


|a; — Xel" 

Thanks to the oddness of the integrand, we have 

f 2 c„(n - 2) \ / Cnjn - 2 ){x - x^)j 

JdB(x,,r) V V \x-x^Y' 


Cnin - 2 ){x - x^) 


dSx = 0. 


Also, since —AxH{x,Xe) = 0 holds for x G B{xe,2de), we may proceed as in (15.41) to get 


/ dB{xe,r) 


BH, 


Bv 


BH 


2 ^(a;,a:e) - {VH{x,x^)) v. 


Bx., 


dSr = 0. 


Having the above equalities, we can compute the limit as follows. 

{x — Xe)j , ^ c„(n —2) BH 

' dB{x,r) 

2 cn{n — 2){x — Xf) 


f OH 

/(2de) = lim/ 2c^(n-2) — (a;,a;e)- 

JdB(x.r) Bv 


+ 2 - 


X — Xe 


X — XeY^ ^ Bx 


{x,Xe)dSx 


\X — Xe 

2cn{n-2) BH 


-VH{x, Xe)vjdSx 


/ X / r.^BH, , 2cJn-2)BH, 

[Xe,Xe) + 2c„(n - 2)- - {Xe,Xe) -7;- [Xe,Xe) 

n Bxj Bxj n Bxj 

BH 


|5„_i 


— 2 )| 5 '^_i| (xg,Xg). 

Bxj 

Injecting this into (15.31) we have 


BH 


L] = -K^^-^+^^Cr,AuAv\Sr.-i\2{n - 2)^(a:„ x,) + o{d:^^-B (5.5) 
We find (oi, • • • , a„) G such that nx„ = —(oi, • • • , a„). Then, using (II.lip we obtain 

Y^a.L) = c„A7(”-"+^)A[;Ay|5„_i|2(n- 2)^a,—(a;„a:,) + o(C('‘-i)A7("-2)) 


i=i 


i=i 


= c„A7("-2+^)Aj,Av|5„_i|2(n-2)|^(x„x,)+o(Ar(’^-2)c("-i)) 

Ofix^ 

> = GX^N-^'^-B. 

Next we shall find an upper bound of i?j. Applying (13.91) and (13.81) we have 

Ve{x) < G\^V{X,(x - x^)) < \/ XG BB{x„2d,). 
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Using this we estimate 


'dD^ 


v^'^^VjdSx 




e e 
(n-l) 

— (j[tlL\ ;^"7\I-("-2)(p+1) _ (j^^^(n-l)-(n- 2 )(p+l) ^ 


Similarly we have 
and consequently 


,(x) < CA,""+" V a; e dB[x,, 2d,), 

ul'‘^^(x)vjdSx 


'dD, 




Collecting (15.7p , (15.81) with the fact that p < q, we get 

\Rj \ < 

Now we combine (EH) and dSH) to get 

n 

<Y^a,L] 

J =1 

n 

i=i 

Since N, goes to infinity as e —>■ 0, the above inequality yields that 

-{n - 1 ) < (n - 1 ) - (n - 2 ){p + 1 ), 


(5.7) 


(5.8) 

(5.9) 


which is equivalent to p < However this contradicts to the condition p > Thus the 

assumption —>■ 0 cannot hold, and so the maximum point x, converges to an interior point of 
fl. The proof is completed. □ 


6. The case p = 

In this section we prove Theorem 11.41 for the case p = . The strategy is same with the 

proof for the case p > However we should modify the estimates of the solution u, on the 

annulus dB{x,,2d,). This is due to the fact that the function is integrable for p > but 
not integrable for p = in view of the estimate (13.81) . We obtain the desired estimate in the 
following lemma. 

Lemma 6 . 1 . Suppose p = Assume that {(we,?;e)}e>o is a sequence of solutions to dni) of 
type {ME) and lime_>.o d, = 0. Then the following estimates hold. For x G dB{x,, 2d,) we have 

u,{x)=K,\:^^G{x,x,) + 0{df‘'^-^'^\:^^) ( 6 . 1 ) 

and 

Vu,{x) = K,X7 '^VG{x,x,) +0{df‘^'^-^'>X7^"), ( 6 . 2 ) 

where K, is a positive constant satisfying 

Cl log N, < K, < C 2 log N, Ve > 0 
for some C 2 > ci > 0 independent o/e > 0. 
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Proof. From (HH) we have 

Ue{x) = [ G{x,y)vP{y)dy+ [ G{x,y)vl{y)dy. 

JB{x^,Ade) J B‘:{x^,Adt) 

= G{x,x,) [ vP{y)dy+ [ {G{x,y) - G{x,x,))vP{y)dy (6.3) 

JB{x^,ide) JB{x^,Me) 

+ [ G{x,y)vP{y)dy. 

JB‘={x^,4de) 

We first estimate the integration ^ vl{y)dy. An upper estimate will follows by using (I3.9p 

and (13.81) as before. To find a sharp lower estimate, we are going to find a lower bound of Ue on 
B{xe^ Code) for a small constant cq > 0 independent of e > 0. For this purpose, we recall from 
Section 3 the notations for the scaled domain fie := Xe{^ — x^) and normalized solutions 

Ue{x) := Xe Ue{X~^X + Xe), and Ve{x) := Xe Ve{X~^X + Xe), for X G fie. 


For our aim, it suffices to obtain a lower bound of Ve on B{0, cqW)- To get it, we begin with the 
following formula of Ve from (13.51) ; 


Ve{x)= GQ^{x,y)u 1 {y)dy, 
J f2e 


where Gq^ is Green’s function of the problem 

f —Au = / in fie, 


u = 0 on dfle- 


By scaling, we have 


Gn^ (x, y) = Xe ‘^^G[Xe ^X + Xe,Xe^y + Xe) 


\x - y\ 


T^+Xj"^ ‘^'>H{Xe^X + Xe,Xe^y + Xe). 


Since = de the estimate (12.51) implies that 


(6.4) 


(6.5) 


sup H{X^^X + Xe, X^^y + Xe) < Cd^^"^ 
x,yeB{0,N,) 

Using this and Ne = Xede we obtain from (16.5|) the following estimate 

GaMy) = +Q(iVr("-^)) > 2/Gi?”(0,l) and x G i?"(0,coW)\U"(0,2), 

where cq > 0 is a small constant independent of e > 0. Injecting this estimate into (16.4|) we get 

G r 


‘ix) > 


/S"(0.1) 


liy)dy 


> 


G 


ioT X € B^{0,coNe)\B^{0,2), 


where we used the fact that Ue converges to U in G°{B'^{0, 1)) as e —>■ 0. Using this we have 


' (Xe ,Ade 


Xr^vP{y)dy = 


' vl(y)dy 

S"(0.4Afe) 

S"(0,coiVe)\B"(0,2) \y\ 


> 

>C\0g{Ne). 
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Given this lower bound, using the upper estimate ()3.9I1 of Ve given by ()3.8|) and (j3.9ll . we can find 
a large value C > 1 such that 

log(iV.) 


C 


< 


> B{XeAde) 


Xt^vl{y)dy<C\og{N,). 


Now, it remains to estimate the last two integrations in (16.31) . First, we decompose 




{G{x,y) - G{x,x^))vP{y)dy = [ 

J B\ 


dy 

/ B{x^,d^) 

:= Ii{x) + hix). 

In the same way for (14.61) and (14.91) . one can estimate Ii{x) and hix) as 

h{x)+l 2 {x) < 

Lastly we evaluate the last term of (16.31) as 


B(x^,4de)\B(x^,d^) 


dy 


( 6 . 6 ) 


/ B'^(XeA<ie) 


G{x,y)vP{y)dy = 


lB'=(Q,4de) 


G{x, Xe + y)v^ (Xe + y)dy 


< G 


1 A| 


B'=(0.4d,) I 2 /I" ^ |Ae2/|' 


-dy < 


where we used that \x — (x^ + y)\ > \y\ — |a; — Xe\ > \y\ — 2de > -^ for y € i3'^(0,4de). Inserting 
the estimate and (j 6 . 6 l) into (16.31) . we get the desired estimate of Ue. A similar argument can be 
applied to find the estimate of Vu^. The proof is finished. □ 

Proof of Theorem ] 1 . 4 ] for the case p = Let de = d(X(^^ dVl). Then the task is to show that 

infe>o de > 0. For this aim, we argue by contradiction as in the case p > Namely, we assume 
the contrary that the maximum point x^ approaches to the boundary dfl as e —>■ 0 , i.e., —>■ 0 as 

0 . 

We begin with reminding from Lemma l3.6l that d^ = -^ with ^ 00 . Now, for each 1 < j < n. 


we define the following values 


IdD^ 


dUedv.dVeduA , f V7 I 

-- ]dSx+ (VUe-VVe)iyjdSx, 

uiy / JdD^ 


m : = 


p +1 


'dD, 


vl'^^VjdSx H-^ 

qe + l 


'dD^ 


ul^^^VjdSx- 


Applying Lemma [?751 to {ue,Ve) with = B{xe,2de) we get the following identity 

Li=Rl. 

To compute the value L{, as in (j5.3|) . we first put the estimates of and given in 
(|4.2p to get 


and 


= -Xf^^-^+^'> AuAvI{2d,) + o{df^'^-^'> 


where we have set 


f dC d 

I{r) ■= j 2 — {x,xf) — G{x,Xe)-{\^G{x,x^)\^Vj)dSx for r > 0 . 

JdB(x,,r) OV dxj 

Similarly to (15.51) we compute the value of I(r) to reach the following identity 

dH 


(n—2+e')_ A \ o o\ 








21 


Find (ai,--- ,a„) € S" ^ such that Ux^ = (oi,--- ,an). Then, similarly to (j5.6ll . we apply the 
inequality (12.41) to obtain 

r\ jj 

(6.7) 

> C\og{N^)\y-‘^^dy-^^ = C\og{N^)\\Ny-^^■ 


Next we estimate i?J. From (13.911 and (13.81) we have the following estimate 

ve{x) < CXI^V{K{x - x^)) < CA|^iV-(”-2) V a; € dB{x„2d,). 


Using this we get 


[ vP'^'^iyjdSx 
Ja 


IdD^ 


< C|5D,|A”iV-(”-2)(p+i) 


N, 


e e 
(n-l) 


IdD^ 


( 6 . 8 ) 


(6.9) 


( 6 . 10 ) 


Similarly we have Ue{x) < Nc and consequently, 

uf+\x)vjdSx < 

Collecting the estimates (16.81) and (16.91) with the fact that > p = we get 

\R]\ < C'A,iV^(”-^)-(”-2)(p+i) ^ Cx,Ny-^\ 

Finally, combining (16.71) and (I6.10F we find the inequality 

n 

C'log(7V,)A,iV,-("-i) <yajL] 
i=i 

n 

= 'y ajRj 
1=1 

< CXeN-^^-^\ 

which is a contradiction because —>• oo. Therefore, the blow up point x^ is away from the 

boundary dfl uniformly in e > 0, and hence the maximum point Xf_ converges to an interior point 
of U up to a subsequence. The proof is finished. □ 


7. The case p < 

This section is devoted to prove Theorem ll.6l Recall that {(ite, Ue)}e>o is a sequence of solutions 
of type {ME) to the problem 


—Aue = yP in U, 

—Ave = uf' in U, 

Ue = Ve = 0 in dn. 

As in the previous sections, we take the value Ae > 0 and the point x^ € Xl such that 

P+l ge + l P + 1 lie + l 

Ae = max max{ue" {x), Ue " (x)} = maxjue " (Xe), Ue " (a^e)}. 


(7.1) 
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Also we denote de ;= |dist(a;e, Then we see from Lemma 15751 that 

dc = —^ with lim = oo. 

Xe 

In addition, we set ■= Xe{Xl — x^) and normalize the solutions as 

_ n _ 7^ 

u^{x) := Xe u^{X~^x + x^), and Ug(a;) := Ae Ue(A7^a; + a:^), for a; G 17^. 


To prove Theorem 11.61 we will apply the same strategy used for Theorem 11.41 Namely, we shall 
find a contradiction by exploiting the Pohozaev type identity if we assume the maximum point 
approaches to the boundary. In this case, it is more difficult to get a precise estimate of Ue(x) for 
X G dB{xe, 2de). For this estimate we first need to obtain sharp estimates of the solution Ve{y) for 
all 2 / G n. This will be achieved in Lemma [7.21 below. 

The assumption de —>■ 0 makes the analysis much more delicate. Hence, for readers’ under¬ 
standing, we first look at the case which assumes that the maximum point converge to an interior 
point. 


Lemma 7.1. Suppose p G 


1 , 


n—2 


point xq G H. Then the following holds; 


^ . Assume that the maximum point x^ converges to an interior 


liin Ae'+^Ue(y) = AuG{y,Xo) in \ {xq}), 


£->0 


lim Ae®^^ Ue{x) = A^G{x^ Xq) in G^{iX \ {a;o}), 


where the constant Ajj is defined by Ajj = U‘^{y)dy. 


Proof. We recall from (j3.8p that U{x) < . Also we note that q{p{n — 2) — 2) = 

pq{n — 2) — 2q = (n + 2) + 2p > n. Thus we have U‘^ G By Lemma 13.51 we have 

Ut{x) < GU{x) for all a: G He. Thus we may apply the dominated convergence theorem to yield 


lim / Xf*^ u'^‘{z)dz = lim / U^‘{x)dx= / U‘^{x)dx = Ajj. 


£->■0 


£->■0 


(7.2) 


/R" 


Then, as the blow up point x^ converges to an interior point xq G H, we may deduce from (EB) 
that 


lim i;e( 2 /) = lim / G{y, z)Xe^^ u^^{z)dz 


e-^O 


€-)-0 


= AuG{y,Xo) in C'°(H\{a:o}). 


Using this and also EB again, we get 

lim(—A)(Ae®’® Me)(2;) = lim Xt*'^ v^{z) = A^jG^[z,xq) in C'°(H\ {xq})- 
From this we get 

lim Ae"*"® Ue(x) = Ay f G{x, z)G^{z,xo)dz, a;GH\{a:o}, 

Jn (7.3) 

= A^G{x,xo), 

where the value of integration in (17.3p is finite since \G{x, j/)] < C\x — y\~^^~^'^ and p < The 
proof is finished. □ 
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The above proof gives the idea how a sharp estimate of Ag'ag(x) for a hxed point x G ^ \ {xq} 

n 

is obtain from the sharp estimate of Ve{y) is required for all y S n. Given this idea, we 
now handle the intricate case that assumes ^ 0. In the following lemma, we obtain the global 
estimate of Xt^^v^- 

Lemma 7.2. Let p € 1, • Assume that c?e —>■ 0. Then we have the following estimate 


Xt"v,{y) = 


Au,eG{y,x^) + 0{\y-xf\ if\y-x^\>^, 


2de 


0{V{Xe{y-Xe)) if\y-Xe\<^. 


(7.4) 


where 5 = min{(n — 2)q — n, 1} and Ajj^^ > Q is a number converging to Ajj = U‘^{y)dy as 
e —> 0. Here the implicit constant of 0{-) is uniform with respect to y € LI and e > 0, i.e., there is 
a eonstant C > 0 such that 

O (\y - | < C|y - and \0{V{X,{y - x,))\ < CV{X,{y - x,), 

for all y € n and e > 0 . 

Proof. We begin with writing Green’s expression from dm as follows. 

Xt^v^{y)= [ G{y,z)Xt^^ul[z)dz 


G{y,z)Xr^^ul{z)dz + 


lB(x,,dJVN:) 

We first estimate the last integration as an error term. 




G{y,z)Xt^'^ul{z)dz. 


(7.5) 


ln\B{x^,d^/PWl) 


G{y, z)Xt^^ u1{z)dz 


< 


1 


_ A" 

n\B(x, A/Vlvl) \y - ^1”"^ (1 + Acl^ - a;<.|)("-2)9 

1 1 


dz 


< Xn-in-2)q 


'n\B{x,,dJVN:) \y-z\^ 2 |^_^^|(„-2)g 


dz. 


To analyze the integration, we split the domain as 

n \ B{x,, djGK) = U ^2 u ^3, 

where we have set 

Ai = {z € n -. \z - y\ <]^\y - xf\}, 

A 2 = {z€Vl\\z-Xe\<]-\y-Xe\ and \z-x^\>-^^}, 

I V fVg 

A 3 = {z€n-.\z-y\>]^\y-xf\ and \z - x^\>]^\y - x^\}. 

First we estimate the integration on Ai. Note that \z — Xe\ > \y — Xe\ — \z — y\ > ^\y — Xe\ for 
z G Ai. Hence we have 


^n— (n—2)q 


-dz < 


cx. 


n— (ji—2)q 




rdz 


< 


cx 


I— {n—2)q 


\y — a:(;|G“ 2)9 
C 


■^n\y-'' 


\y-xf\'^ 2 (Ag|y - a;e|)("- 2 ) 9 -" ■ 
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Similarly, we have \y — z\ > \y — Xe \ — \z — Xe\ > for z € A^. Using this we estimate 


yi-{n-2)q 


-dz < 


c\ 


n—{n—2)q 


\y-z\'^ 2 1 ^ _ 2 .^|(n- 2 )g \y - J\z - 


dz 


< 


CA: 


i—{n—2)q 


1 


\y — X(\^'^ (de/-\/]Vg)("-“ 2 ) 9 -n 

C 1 


Also we note that |z — Xf_\ > \z — y\ — \y — X(_\ > \\z — y\ for z G A 3 . Using this we get 


2 —(n— 2 )q 


Ja. \y- z 


— z|” ^ |z — 


dz < 


\y _ z\n-2+{n-2)q 


dz 


< 


cx 


i—{n—2)q 


\y — a;e|("“^U -2 
C 


Next we look at the main term of (Eg. Let us write it as 


L 




G{y, z)Xt'^'^u1{z)dz 


G{y,Xe) [ Xt+"uj{z)dz+ f [G{y, z) - G{y,Xe)]Xt^^ u^Az)dz. 

J B(x^,de/VNl) J B(x,.dJVN^) 


(7.6) 


B(x^,de/y/Nl) 


Let Ajj^e = /b( 3 , ^ /^/TT) Xe‘*^ uj{z)dz. Then, using the dominated convergence theorem we find 
that 

[ u‘^‘{y)dy= [ U‘^{y)dy = Au. 

'\y\<VNl Jka 

Now, it is only left to estimate the last term of (17.61) . For z G B{x^, we have 


lim Ajj e = lim 

e->0 ’ e-^O 


\X/zG{y,z)\< ^ sup \G{y,w)\ 


< 


w^B{x^ ,d^) 

1 

sup 


G 


< 


de w&B{x,,d,) \y - 2 

G 


Using this we get 


' B{x,,d,/y/Wl) 


de\y - a;e|”-2' 

[G{y, z) - G(y, Xe)]Xt*'' ul{z)dz 


< 


G 


< 


< 


dt\y — a^el" ^ JB{xe,de/V^) 

GVK 

Aede|y-Xe|”-2 ^ 

C 

\/N^\y - 


Z — Xe\U‘^{Xe{z — Xe))dz 
x\U'^{x)dx 


The proof is complete. 


□ 


Based on the result of the previous lemma, we shall now find the sharp estimate of Ue on 
dB{xe,2de). 
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Lemma 7.3, For x G dB{xe^2de) we have 

np Tip 

u,{x) = x7~ {Au,erG{x,x,) + 

and 

_ np _ np 

VUe{x)=Xe {Au,eTVG{x,X,) + 0{Xe '*+^^("-2)^+1). 
Proof. Using (HID, we have 

Xt*^Ue{x) = J G{x,y) (^Xt^'^Ve{y)'j dy 

= [ G{x,y) (xt^^Veiy)] dy + f G{x,y) 

First we estimate the last term. Using (13.81) and (13.9F we have 

G{x,y) (^Xf^^Veiy)^ dy 

{Xi--^^V{K{y-x,))rdy 


'\y-d<^ 


Ay--.\<^ 

< d-("- 2 );^(n- 2 )p-n f VP{y)dy. 

Jb{o,PnI) 

= C'd7("-2)P+2 [d. A,] ("-2)p-" ( v/7^)’^-p("-2) 

= = o(d7(”-2)p+2), 

which can be absorbed in the error of the estimate dzH). 

Next we note from Lemma \77I\ that 

Xf^^^Veiy) = Au,eG{y,Xe) + Reiy), 

where Re satisfies the estimate Re{y) = 0{N~^\y — Let us write 


/I I 2de 


G{x,y) (a/+U 


Ve{y)] dy 


G{x, y) [Au,eG{y, Xe) + Re {y)T dy 


= APjf G{x,y)G{y,Xe)Pdy 


'\y-.\>^ 


G{x,y) ^[Au,eG{y,Xe) + Re{y)T - APj fify.XeY^ dy. 


Note that 


G{x,y)G{y,XeYdy 


= [ G{x,y)G{y,XeYdy - [ G{x,y)G{y,XeYdy. 

Jn 


(7.7) 


dy. 

(7.8) 


(7.9) 


(7.10) 


(7.11) 


(7.12) 
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For \y — Xf\ < -^= and x € dB{xe, 2de) we have \y — Xe\ > d^- Using this we hnd the estimate 


'\y-^e\< 


G{x,y)G{y,x,Ydy<Cd:^^-^^ 


We 


2de 

7W, 


— (n—2)p+n 


(7.13) 


By definition (|2.8p we have 

^ue f G{x,y)G{y,XeYdy = AY^G{x,Xe). 
Combining (I7.12I) - (I7.14I) we see that 

G(x, 2/)G'(?/, Xe)'’d2/ = Af) ,^G(x, x^) + o(dy 




|y-a:e|> 


(7.14) 


(7.15) 


We 


Now it only remains to estimate the last integration of (17.111) as an error in (17.71) . We apply the 
basic inequality < Cla — b\{a^~^ + bP~^) for a, 6 > 0 to get 


/I I 2(ig 

'|y-^d>7=; 

< G 


G{x, y) I [Au^eG{y, xYj + Re{y)f - A\j fi{y, Xe)^| dy 
1 Re{y) 


(7.16) 


\x-yY 2 |y-a;,|(’^-2)(p-i) 


dy := I. 


We apply the bound of R^ in (I7.10|) and split the integration as 
G f 1 1 


I < 




|a; - yY ^ \y - 


dy Ji + J 2 + Jd.j 


where 


Ji — 


f 

Ni Ja, 


1 


1 


J2 = -^ 


\x — yY \y — xY'^~'^'^P 

1 1 


dy with Ai=B{x,de), 


J 3 = 


Nf \x-yY-^ A2=U\(i?(x,4)UB(a^„4)), 

_C^ f 1 




For 2 / € we have \y — Xe\ > |a; — X(\ — \y — x\ > 2de — de = de- Using this we may estimate Ji as 

j, < — . £2-("-2 )p f _1_w 

“ Ne " JB{x,d,) \y - xY-^ 

< GdY"'-^'’^+^NYY 
Next, to estimate J 2 , we note that 

\y - xY > ^{de + \y - x\) and \y - x\ > ^{de + \y - x\) for all y e ^ 2 . 

Using this and noting that (n — 2)p + (n — 2) > n, we get the estimate 


J 2 < 


< 


< 


1 


Ja 2 (de + \y- a;|)("-2)p+(n-2) 

G f 1 

{d, + \y- a;|)(B-2)p+(n-2) 

G 1 


dy 


dy 


^("-2)p-2 


= Gd7’-'^~^'’P^^NrY 
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To estimate J 3 , we note that \y — x\ > \x — Xe\ — \y — Xe\ > de for any y € A 3 . Using this we 
estimate J 3 as 

. . /• ^_ 1 , 

^ Jas \y - \y - a;e|(”-2)p ^ 

< .^fj-in- 2 ) jn-{n- 2 )p 


Combining the above estimates gives the estimate / < Cde ^ Putting this and (17.151) 

into (17.111) we obtain 

XF^u.ix) = {Au,erGix,x,) + o{d:^^-^^P+^). 

Hence we have obtained the desired estimate for Ue- 

In the same way, we can prove the desired estimate for Vu^. For completeness, let us explain it 
briefly. First, we find from (|7.8I) that 


Xt'^^X/Ueix) = 


|y-a:e|< 


€G{x,y) dy+ 




\y-xe\> 


Mx,y) 


VTVe 


Similarly to dm), we have 


|y-xd<^ 


X/a;G{x,y) (^Xt^^Veiy)'^ dy 

{Xi^-^'>V{K{y - x,)))Pdy 


Similarly to (17.111) we write 

f V,G{x,y)(x!^^v,{y)f dy 

^ xG{x,y)G{y,Xf)Pdy 




= Al, 


\v-^A> 


■Xn^ 


' |y-a:e|> 


cG{x,y) ^[Au,eG{y,Xe) + Re{y)f - A^,^G{y,Xe)P'^ dy. 


VNe 


We have 


/I I 2cig 


^xG(x,y)G{y,Xe)Pdy 


= [ ^xG{x,y)G{y,x^)Pdy - f X/^G{x,y)G{y,x^)Pdy 

dn J\y-x,\<^ 


and 




^xG{x,y)G{y,Xe)Pdy 


< Gd\-^^-'^^Py/N'^ 


(n—2)p—n 


dy. 
(7.17) 


(7.18) 


(7.19) 


(7.20) 


(7.21) 
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Note from 


that 


/ V,G[x,y)G{y,x,Ydy = 


Hence 


l\y-x^\> 


■/Ne 


Next, we estimate 


'\V-Xe\> 


s/Ne 


< c 


V,G{x, y)G{y, x.fdy = V,G(x, x,) + o[d\-‘^'^-^'>P). 

cG{x,y) ^[Au,eG{y,Xe) + Re{y)f - A^^^G{y,xY^'^ dy 
1 Re{y) 


(7.22) 

(7.23) 


(7.24) 


\x-yY-^ |y-a:,|(—2)(P-1) 


We have 


|V,G(a:,y)|<C 


1 


dy := J. 


1 


^de\x — yY ^ \x — yY 

Using this and the bound of R^ we estimate I as 

1 1 


I< — f 

~ \x - \y - a;,|("-2)p 


dy 


+ 


G 


1 


1 


N^d^ \x-yY 2 |y-a;,|("-2)p 


dy. 


The first integration is bounded by N~^ by the estimate of I. Also, the second 

integration can be estimated by the same way for I. More precisely, we split the integration again 
as 

r 1 1 

-dy := Ji + J2 + J3, 


\x-yY ^ \y - Xe\^^-^'iP 


where 


a = 4 


Jai - 2/1" ^ \y - a;e|("-2)p 


dy with Ai=B{x,dY, 


G 


J2 = ^ 


1 


1 




W Ja, li-gl-* \v - xA-'-yr '''' A2 = n\(B{x,d,)UB{x„d,)). 

1 


^ JA,\x-yY-Yy-xY"-^^P 

For y € Ai we have \y — Xe\ > de and we estimate Ji as 


Zl^dy with As = B{xe,dY\B{x^,-^^). 


A < A,.,<->./ 


— ^ 

Also, similarly for the estimate J 2 , we have 

T G r 

J 2 < 


B{x,df:) \y Y 


rdy 


< 


< 


Ja 2 {de + \y- a;|)("-2)p+(’^-i) 

G r 1 

{d, + \y- a;|)G- 2 )p+(n-i) 

G 1 


dy 


dy 
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To estimate J 3 , we note that for any y € A 3 we have \y — x\>\x — Xe\ — \y — Xe\ > 2de — de = de- 
Then 


~ C 
J 3 < 


Jas \y-x\^ ^\y-Xe\^" 

< ^d-^n-1) ^ 1 

- Nr^ 


dy 




dy 


Combining the above estimates gives the desired estimate for Vm^. The proof is finished. 


□ 


Now we are ready to prove Theorem 11.6 


Proof of Theorem MM Let d^ = d{xe, dTl)/A. Then we have to show that de > 0 for the proof. 
As before, we argue by contradiction. Suppose not. Then, we have de \ 0 in a subsequence. By 
Lemma 13.31 we have de = Ne/Xe with lime_).oo Ne = 00 . 

We set Be = B{xe, 2de) for each e > 0. Applying Lemma 15^ with D = Be we get the identity 


Lj = Rj with 


re f f due dve dv du , I ^ N 

' " JoB^ ^ 


IdB 


1 


P + 1 


'dB 




R) :=-- 

^ ?£ + 1 


'9B 


u'i^'^^VjdSx- 


We shall derive a contradiction by obtaining sharp estimates of and Rj. 

To evaluate the left hand side, we use Lemma O and Lemma [7.31 to yield 

re f ( 9G , .dG dG .dG \ 

Lj = i^Xe Xe j J - i—{x,Xe)-^ix,Xe) + —{x,Xe)-^{x,Xe)j dSx 

+ ( (\/G{x,Xe) ■ yG{x,Xe)^ BjdSx - —r [ G^^^ (x, Xe)r'jdSx 

JdBe ^ P + 1 JdB^ 

+ o{\dBe\x7^ x7^ 

:= I{2de) + oi\dBe\X7^X7^ 

where 


(7.25) 


/(r) = - 


IdBe 


dG. .dG. . dG. .dG. ^ 

-(a:,Xe)-- {x,Xe) + —{x,Xe)^ - [X,Xe) dSx 


dv 


dxi 


dir 


dxj 


+ [ {VxG{x,Xe) ■VxG{x,Xe))vjdSx - ]—rf GP+^{x,Xe)l'jdSx. 

JdBe ^ > P + 1 JdBe 


(7.26) 


To compute the value of I{2de), we first claim that the value of I{r) is independent of r > 0. To 
prove this claim, we let Ar = B{xe,3de) \ B{xe,r) for each r S (0, 2dg] and note that we have 
—AxG{x,Xe) = GP{x,Xe) for a: G Ar by definition (12.81) . Using this and an integration by parts. 
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we get 


p +1 


f GP+'^(^x,x^)i'jdSx = [ G^{x,x^) 

JdAr- JAr 


dG{x, Xf) 

dxj 

dG 


dx 


= / -Aj;G{x,Xe)^ - {x,Xe)dx 

JAr 9Xj 

f dG dG, , f ^ ~ ^ dG , 

= - / - {X,Xe)dbx+ / VxG-Vx^ - [x,Xe)dx. 

JdAr ^^3 JAr ^^3 

Similarly, we use that AxG{x, Xe) = 0 for x € Ar to find 

^ f dG , ^ , , [ dG dG, , f 

0 = / - {-AxG){x,Xf)dx = - / -— — {x,x^)dSx A 

JAr dxj Jqa,. dxj dv jy^ 

Summing up these two equalities and using an integration by parts further, we get 

f GP~''^{x,Xe)j^jdSx 

P + 1 JdAr 


^ dG^ 

^ ^xGix^xAjdx. 

Ar dXj 


dG dG 


{x,Xe)dSx - 


dG dG 


{x,Xe)dSx+ / {VxG ■VxG){x,Xe)V]dSx- 
JdAr 


JdAr dv dxj ’ dxj dv 

This equality implies that I{r) is constant function on r G (0,2de], and so 

I{2de) = lim /(r). 


r^O 


Now we are going to find this limit. First we are concerned with the last term of I{r). Using (12.711 
we have 


L 


1 


dB(x^,r) P + 1 


G'^'^^{x, Xe) VjdSy 


L 

L 


dB{Xf.,r) P A f \ |y 


- H{y,Xe)] VjdSy 


dB(x^,r) 


P + 1 


\y-xe 


-^-H{y,xJ) 


P+1 


\y - ■ 


|n-2 


p +1 


/ 

J dB{x 


{pAl)H(jj,x^) 

r) |y-x,|("- 2 )p 


7 dS^i 


, {.pAl)H{y,Xe) 

+ \y _ y,^\in- 2 )p 


(7.27) 


where we used that 




Using the Taylor theorem of second order, we derive 


dB{xe,r) 


p + 1 


\y-xe 


-^-H{y,x,) 


p+i 


\y-xe 


|n-2 


p +1 


{pAl)H{y,x^) 

|y_a;^|(n- 2 )p 


< G 


L 
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This term converges to zero as r —>■ 0 since (n — 2)(p — 1) < 2 < n — 1 for p < On the other 
hand, 


(jp+l)H{y,x^) 


,dS,. 


' dB{x 




{p+l)[H{y,Xe) - H{Xe,Xe)] 
aB{x,,r) ly - a;e|0-2)p 


Vj dSy 


<a 


aar \ r("- 2 )p 
fdB{xe,r) ' 


dSr < 


which goes to zero as r —>■ 0 since p < ■:p^- Combining the above two estimates with (17.271) we 
find that 

1 


lim 


-GP+\x,Xe)iyjdSy = 0 . 


(7.28) 


JdB(x^,r) P + 1 

Now we shall estimate the other three terms of I{r) in (17.261) . For this aim, we recall from (12.91) 
that 

cti a 2 H{x,y) 


G{x,y) = 

Using this we deduce 


2)p 2 1^ — 


— H{x, y) for x ^ y. 


lim 


dGdG 


JdB{x^,r) d)v dXj 

ai[(n- 2)p- 2] a 2 [(n- 2)p - n]H{x,Xe) a 2 ^{x,Xe) _ 

l^. _ 2 ;^|p(n- 2 )-l l^. _ 2 .^|[(n- 2 )p-n+l] | [(n-2)p-n] Qjy 


= lim / 

JdB{x^,r) 

/ (x — Xf)-i dH, . 

-in- 2)c„--- - -T^ix, Xe) 

\x — Xe\ 

= Qi + Q 2 + Qs + Q 4 , 

where 

ai[{n - 2)p - 2] 


{x,Xe) 


dS,. 


Qi = lim 

r —>-0 


<52 = lim 

r —>-0 


Qa = lim 

r —>-0 


Qi = lim 
- - >-0 


'dB{x^,r) . 


dB{x^,r) 


— {n — 2)c, 


{x - X,)j 


|a; — Xc 
dH I 


dS,. 


|x — ^ 

0 ! 2 [(i^ - 2)p - n\H{x,Xe) a 2 ^{x,x^) ^ 

|a; - a;e|[0-2)p-"+l] _ 3 ,^|[(n- 2 )p-n] Qy, 

ai[{n - 2)p - 2] 


{x,Xe) 


— {n — 2)cj 


(x - X,)j 


dS,, 


dB{x,,r) V \x-Xe\P^'^ 


■ dH ■ 

-T^{x,Xe) 

OXn 


dB{xe,r) 


dS, 


a 2 [{n — 2)p — n]H{x,Xe) ol' 2 ^{x,xQ dH 

|a; - Xe|[0-2)p-"+l] + Ij. _ a,^|[(n-2)p-n] Qj^ 


{x,Xf) 


dH 

dx4 


X,Xe) 


dS,. 


First we see that Qi = 0 by the oddness of the integrand. Also, it is easy to see that Qa = <54 = 0 
by counting the order of singularity of |x — a;e|“^ with the fact that p < 

In order to compute Q 2 , we note that 


H{x, Xe){x — Xf)j 


dx = 


ldB(x„r) |a;-aie|(” JdB{x,,r) 


L 


= o 


= o 


[H{x,Xe) - H{x^,Xf)\{x - Xe)j 
\x - Xe|0-2)p+l 

dSx I 


dS^ 


ldB{x,,r) \x - a;e|(" 2)p 1 
^n—1 


j,{n—2)p— 1 
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which converges to zero as r 0 because p < —Also, counting the singularity we have 


lim 

r —>-0 


dB{x^ ,r) 


dH 

dv 


{x,Xe)- 


1 


X - a;e|(’"-2s)p 


dSx = 0, 


and it is easy to get the following limit 
dH 


JdB{x^,r) du 


f \f ol JO ‘^)CndH 

{x,Xe){n - 2)Cn-. - rxdbx = -v;—(xe,Xej . 

- c)Xi 


Using these estimates, we get 


{n-2)cndH 

Q 2 = -—(a:e,a;<;)|5„_i|. 

TX L/ tij o 


Thus we have 


lim 


dG dG {n-2)cndH 

- [x.Xejdbx = Q2 = --(x^xJIOn-ll- 


By computing similarly, we can obtain the following limits: 


n dxj 


lim 




dGdG dH 

dSx — (Xg, Xg) I jSti,— ! I, 


dxj 


and 


lim f (VG ■ VG)vjdS, = - 

''^^JdBr 'n OXj 


Plugging the above computations and (I7.28|) into (I7.26|) . we get 
I(2de) = lim I(r) 

r —>-0 

—— ‘^^dx^H{xo,Xo) + {n- 2)Cnda:^H{xo,Xo) - ——‘^^dx H{xo,xo) 
n n 

— (n 2 j^Cji\Sji—\\dxjH{xQ^X[)). 


|5„_i 


(7.29) 


Now we find (oi, • • • , a„) G S'" ^ such that = (oi, • • • , a„). Then, using ()7.25p and (j7.29j) we 
obtain the estimate 

n 

_ np _ Ti __ / _ np _ n \ 

Y^ajL] = (n-2)c„|S„_i|A, ■''+^A, d,^^H{x,,x,) + o (\, ‘'+^A, 2)pj . ( 730 ) 

i=i 

By applying the estimate (11.1111 of (Al) in the above inequality, we get 

" Tl-(p+l) 

ajHj > CXe ;^-l+(n-2)p^l-(n-2)p ^ 

i=i 

where we made use of the relation (p, q) given by (jl.2l) in the equality. 

On the other hand, we may estimate using Lemma 13.51 and (13.81) to find 


R" = 


<?e + 1 


' dB{x^,r) 


u'^‘~^^VjdSx 


+ d N-(p(n-2)-2){q+l) 


= ]^i.'n.-"3)-{p{n-2)-2)(q+l) 
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where we used the relation (ll.2|l in the last equality. Combining this estimate and (I7.30|) . we get 
the following inequality 

n 

a^jL] 

n 

= 'Y 

Because iVe —>• oo as e —>■ 0, the above estimate implies that 2p + 2 < 0, which contradicts to the 
fact that p > 0. Therefore the assumption dg —^ 0 cannot be true. Hence the maximum point 
is away from the boundary dfl uniformly for e > 0. The proof is finished. □ 


8. Proof of Theorem 11.51 

This section is devoted to prove Lemma 12.51 and Theorem 11.51 concerning the property of H 
defined in (12.91) . 

For given y G fl, using the translation and rotation invariance property, we may assume that 
0 G dft is the closet point in dft to the point y and the point y is given by y = (0, • • • , 0 , k) = KCn 
for some k > 0. Then we have y* = —KCn and dfl is parametrized as w = (zi, • • • , Zn-i, fiz)) with 
a function / : —>• ]R+ such that /(O) = 0 and V/(0) = 0. 

For the proof of Lemma [2.51 we shall rescale and take a limit. Namely, we set ■= ^ and 
rescale the function H to define the function —>■ R for each k > 0 by 

W4z) = H{kz, (8.1) 


We remind the well known inequality: 

G{x, y) < C min 


d(x)d(y) 


1 


( 8 . 2 ) 


|a; — y|" ’ \x — y|” ^ ^ 

Let Gk, be Green’s function of —A on with the Dirichlet boundary condition. Then, by (18.21) 
we have 

Gk(x, y) = /t”“^G(ra, Ky) 

= Gmin 


k"|x —y|" ’ k” ‘^\x — yY 
d(Ka;)d(Ky) 1 


n-2 


k'^\x — yl” ’ \x — y\ 

For each y G R" we denote y* = (yi, • • • , y-a-h —Un) for y = (yi, • • • , y^) G R” . And we consider 
the function Hq : R” x R” —>• R satisfying 


1 


-P- 


-A^Ho{z,y) = < 


1^ —y|(”“^fo \|2; —y|” ^ |z —y*|" ^ 

_ 2 pcP{n-2) jz-y*) z-y 

[{n — 2){p — 2) — 2] \z — y*|" \z — y|("'- 2 )(p-i) 


2; - y|("- 2 )(p-l) |2-y*|"-2 

\n-l n 

if p G 


n — 2’ n — 2 






(8.3) 
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for 2 G R" and y G R” with the boundary condition 
Ho(z,y) = 


f CKl—0(2 

if p G 

n— 1 n 

|(^_y)|(n-2,p-2 

n—2 ’ n—2 

1 ai 

if p G 


|(^-y)|(—2)p-2 

n-2 ) ■ 


z G 




(8.4) 


Here ai and 02 are the values defined in ( 12 . 101 ) . Now we set Wq : R+ —>■ R by Wq{z) := Hq{z, e„). 
Then we have the following result. 

Lemma 8.1. As k ^ 0, the function converges to Wq in C^{B{en, 1/4)). 

Proof. By definition (18.11) and the property (12.111) of Hq, the function Wk, satisfies 
-AwWk.{w) = {-AH){kW, KCn) 

cP 1 




2pcP~^Viff(KW,Ken) (-1 )(k(w - Cn)) 


[(n — 2)(p — 2) — 2] |k(w — 


(8.5) 


Set the difference R by Rk{x) = Ho (a;) — H^K(a;) for x gVI^. Then, it suffices to show 

that —>■ 0 in C'/q^(R"'''^). By (18.51) and (18.3|) we have 

{-A^)Ri^{w) 

. P 


= KP('*-2)GP(Acw,Ke„) - 

+ pH{ kW, Ken)cffr^ 


|ui-e„|" 2 |y;_|_g^|n 2 


W — Cnl^'^ 
■P-l 


( 8 . 6 ) 


[(n- 2)(p- 2) - 2] 


1 


2p{n — 2)cP W + Cn W — Cn 


|w + e„|” ^ |?ii — [(tj _ 2)(p — 2) — 2] jw + e„|" |w — e„|("“2hp-i) 

By Lemma [221 we have 

K^-‘^H{KW,Ken) = I — |„ ^ +T^(w), 


k" iH{ kW, KCn) = — 


Cn{n - 2)(li; + Cn) 

\w + e„|" 


where 


T^{w) = O 


d(Ke„) 

|w + en|"“2 


and Tk{w) = O 


+ L’k(w), 
K ■ d^KCn) 


d(Kw)|r(; + e„ 


(8.7) 


Also we have 


k " ^G{kW, KCn) = 


| w - e „|"-2 |w + e „|"-2 
Inserting these formulas into (18.61) and arranging them, we get 


- Tf^{w). 


where 

h{w) = 


|w + e„h-2 


(-Au,)i?„(w) := Ii{w) + hiw), 


^2 “ “ 




+ pT„('u;)' 


„p-i 


( 8 . 8 ) 


w - e„|("-2)(p-i) 
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hiw) = 2p{n - 2)c„P ^T^{w)- 


|w —en|^" 


We split the function i?„ into R^. = TZ\ + TZ^, where 
I -ATZKx) = -AR^{x) in 


-ATZl{x) =0 in 

Ti^ix) = TZ^ix) on dflu- 


(8.9) 


( 8 . 10 ) 


I TZ\ix) = 0 on dflK 

For the proof, first we shall show that TZ^(x) and TZ^{x) converge to zero in C'o(i3(e„, 1/3)). 

• (7° convergence of TZ].. We shall show that R\{x) — >■ 0 in C^{B{en, 1/3)). By (18.101) we have 

= [ G^{x,w){-A)Ri^{w)dw 

7n„ 


/ Gk.{x,w){Ii + l2){'w)dw + Gi^{x,w){Ii + l2){w)dw. 


( 8 . 11 ) 


We aim to show that the above value goes to zero as /t —>■ 0 uniformly for x in any given compact 
set. 

Let us consider first the integration on the region |w — e„| < For r G (0,1) and |a| < ^ we 
have (1 + ar)P = 1 + par + 0((ar)^), which leads to 

, P 


(j + «) =^ + ^ + Oia^r^n VrG(0,l) aG(-ii) 


( 8 . 12 ) 


For jia — e„| < 5 we have 


Hence we may apply (18.121) to get 


k - e „|"-2 |w + e „|"-2 


zw - 


> 


2\w — I 


> 2 


n—3 


Cn 

Cn 

P 

-pTk.{w) 

Cn 

Cn 

Jw - e„ "“2 

\w + e„|"-2_ 

_\w - e„|"-2 

\w + e„ "“2^ 


1 p -1 


+ o(T,(u;) 2 |u;-e„|("- 2 )( 2 -p)^ . 

Putting this into (18.8p we get 


hiw) =pT^{w) 


rP-i 


+ o(Tju;)2|u;-e„/”-2)(2-p)) . 

We have (1 + ar)P~^ = 1 + 0{r) for r G (0, | and a G (—2, 2). Hence 


p-i 


(8.13) 


=-^ + 0{rP^) VaG(-2,2) and r G (0, i). 

Using this and (18.71) we can estimate (18.131) as 

hiw) < CT,iw)\w - e„|("-2)(2-p) + OiT^iwflw - e„|("-2)(2-p)) 


< 


\w + e„h -2 


\w 


= 0 ( 1 ). 


(8.14) 
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Therefore 


/s(en,i) 

< K 


G(x, w)Ii (w)dw 
1 


\x - \w + e„|"-2 

which converges to zero as k —^ 0. For I 2 , we have the bound 




Iw, 


'\w-en\<h 


Gk{x, w)l 2 {w)dw 


< G 


rdw. 


~ w|"“^ \w + eji|"“2 |y; _ g^|(n-2)(p-l) 

which goes to zero as k —>■ 0 since (n — 2) + (n — 2)(p — 1) = p{n — 2) < n. Thus we have 

Gk(x, 'w){—A)RK{w)dw = 0 . 


lim 

>-0 


' \w—en\<^ 

Next we turn to estimate the second integration of (18.111) . First we note that there is a constant 
G > 1 such that 

1 / 

-^\w - en\< \w + en\< G\w - en\ forweBlcn,-! . 

Hence we easily see from (18.8p that 

h{w) < CT^{w)-^ 

Using this and (18.71) we get 

Gii{x,w)Ii{w)dw < Gk 


■ e„|("“ 2 )(p-i) 


dw. 


l\w-e„\>i 


/B(e„ i)c |w + e„|(" 2)p|2._y;|n 2 


which goes to zero as k —>■ 0 because p > Next we use (lO) to estimate 


< c 


G:i{x,w)l2{w)dw 


kc + e„ 


d(Ka;)d(Kr(;) 


B{e^,\l2Y I'W + enl'^ | (n-2)(p-1) 

1 Iw + eJ 1 


dw 


= Gd{Kx) [ 

J E 


I B{en,l/2Y 

which goes to zero as k —>■ 0. Thus we have 


" 2 !•(/;-(- e„|(” 2 )(p 1 ) I 2 ; _ gg|' 

lim / Gn{x,w){—A)Ri^{w)dw=0. 


dw, 


• G^ convergence of TZ^. Since TZ^ is harmonic in we only need to show that 

lim sup \TZ^{x)\ = 0. 


Recall that the boundary dfl D B{0,r) is assumed to be parametrized by 

iz,f{z)) iOT Z = {ZI,--- ,Zn-l), 

where / : ]R”“^ —>• {y > 0} satisfies /(O) =0 and V/(0) = 0. Consequently, we can parametrize 
boundary point z^. on by 

Zk = {zi,- ■ ■ , Zn-l,f{nz)/K) = {z, /( kz )/ k ) 
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Using this and (I2.9|l we have 
Wf,{z^) = ■■■ , /(kz)), 

^-[(n-2)p-2] 




^-[(n-2)(p-l)-2] 


ai 


L|(z-e„)|("- 2 )p -2 


- 21^-2 ~ H{{KZ,f{KZ)),Kn)c: 


-1 


|(z-e„)|(—2)(p-i)-2' 


Since /(kz) = 0((kz)^), we have lim^-i-o -Zk = (z, 0). Combining this with (12.51) we find 

lim-K(”-2)iJ((KZ,/(«;z)),/c„) = 

'‘^0 |((z,0) - en)r 


Injecting this into (I8.15|) we get 


lim IUk(zk) = 

K —>-0 


(ai — 0 : 2 ) 


|((2.0)-e„)|("-2)P-2 


if p G 


n—1 n 
n—2 ’ n—2 




if p G 


L —^ 

n-2 J ’ 


which implies 


(8.15) 


lim sup \TZl{z^)\ = lim sup |i?K(z„)| 
z^edn^nB{o,r/K) z^edn^nB{o,r/K) 

= lim sup |Wo(zk) - IU„(z„)| = 0. 

This implies that limK->.o sup^gQ^ |7?.2(z)| = 0 since is harmonic in fl^. 

Combining the above two convergence results, we can deduce that RKix) —> 0 uniformly for 
\x - e„| < i. 


The convergence of From (18.1411 and ()8.9I1 we know that 
(-A)i?,,(x) = (/i+J 2 )(x) = 0^ ^ 


I M QU n 1 ' ~ Cn-I < -• 

This estimate implies {—A)Rk{x) G T”+“(i3(e„, 1/3)) for some a > 0 since (n—2)(p—1) —1 < 1 for 
p < Therefore is contained in C^’^{B{en, 1/4)) uniformly in k > 0 for some /3 > 0. Thus 
converges to some function / in C^{B{en, 1/4)). Actually we have / = 0 since converges 
to 0 in C°{B{en, 1/2)). The lemma is proved. □ 


Lemma 8.2. 

(1) Assume p G 

(2) Assume p G 


1, • Then we have g|-Wo(ei) ^ 0 if and only if (12.151) holds 

^ . Then we have gy-Wo(ei) ^ 0 if and only if (12.161) holds. 


n—1 n 
n-2 ’ n-2 


Proof. We shall only prove the second statement since the same argument applies for the first 
statement. For the proof, we recall that the explicit formula of Green’s function on the half space 
K" is given by 

On On 


|a; — ^ \x — y*\^ ^ 


and the Poisson kernel is equal to 


(n - 2)c„ 


2 Xn 


\x-yY 
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for y S 9R". Therefore, reminding (I8.3|) and (I8.4|l . we find 


Wo{x) = 


2 Xr, 


{-A^Wo){z)dz 

Ctl — 02 


:= /i(a:) + hix). 


First we compute 


dh 

dXn 


{x) = {n- 2 )cn[ (-. 

JdR’f VI 


^ - 2 n * 


-y\^ |a; - y|"+2/ |(y - e„)|("-2)p-2 


Ol — Q!2 


jdy. 


Taking a; = e„ here, we find 

dh 

dXrr 


(e„) = (n - 2)c„(ai - 02 ) / 

asi V 


2 n 


\{y - e„)|("- 2 )(p+i) \{y - e„)|("- 2 )p+’^ 


dy. 


Next we use (lO) to get 




(x) = - [ (n - 2)cn ( 

V 


{Xn ^n) i^n H“ ■^n) 


uc - 2 : 


|z — X 
, p 


In—2 


|-z-e„|" 2 |2 + e„|" 2 ^ 1^; _ e„|("-2)p _ e„|("--2)(p-i) | 2 ; + e„|" 2 

2p(n - 2) (z + e„) -z - e„ 


[(n - 2)(p - 2) - 2] |z + e„|" \z - e„|("-2)(p-i) _ 
Letting a: = e„ we obtain 


dz. 


dXr 


(Cn) — / ‘2‘)Cn 


(1 - z„) (1 + z„) 


|e„-z|" |z + e 

P 


n\ 


\n-2 


+ 


|-z-e„|" 2 |2: + e„|" |2-e„|("-2)p |z - e„|(’^“2)(p-i) | 2 _|_e^|n 2 

2p(n - 2) (z + e„) -z - e„ 


[(n-2)(p-2)-2] |z + e„|" |z - e„|('‘-2)(p-i)_ 


dz. 


The above estimates shows that g|-Wo(ei) ^ 0 holds provided by this the integration (12.161) is 
not zero. The lemma is proved. □ 

Proof of Lemma I if. .51 The proof follows immediately from combining Lemma 18.11 and Lemma 18.21 

□ 


Now we shall finish the proof of Theorem 11.51 


Proof of Theorem \1.5\ For fixed dimension n > 4 we denote by Wq^p the function Wq defined in 
(|8.3I) for given p. In Lemma we confirmed that (12.151) holds if and only if g|^WQ_p(e„) ^ 0. 
Having this in mind, to prove the theorem, we shall prove that -^—Wo^p^en) < 0 holds for p = 1 


and show the continuity property of the integrations in (I2.15|) with respect to p G 


1,^). This 


implies an existence of a value (5 > 0 such that 5 f;^Wo,p(e„) < 0 for p G [1,1 + (5]. 

Continuity of the integrations of (12.151) with respect to p. We aim to check that the 
derivation of the integration values of (12.151) with respect to p is bounded uniformly for p G [1, l + i5) 
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for small (5 > 0. For this, we let 

(1 - Zn) (1 + Zn) 


F{P) = [ 


z - e„ 


z + Cr, 


z - Cr, 


-z + e„|"-V | 2 -e„|("- 2 )p 


dz 


and 


G(p) = (n- 2)ai 


/OR" 


|(y-e„)|(-2)(p+i) 


dy - 


2 n 


'rI |(y-e„)|("-2)p+’ 


-dy 


Let /(a) = a^loga. Then, 

(1 - Zn) (1 + Zn) 


F\P) = f 

JR 

-L 


Z - e„ 


z + e„ 


z - e„ 


z + e„ 


-f 


|z-e„|("-2)p 


dz 


dz+ dz. 

h-en|<5 


Since there is no singularity in the region |z — e„| > ^ and decaying is good enough, we have 
/| 2 _e„l>i dz = 0(1). For I 2 ; — e„| < I we use the mean value theorem to see that 


-/ 


1 


< 


C 


\n-2 I ■' 1 |z - e„|0-2)P^ 

1 . f I 


Using this we can estimate 


2 + 2 [|z-e„|0-2)(p-i) 


C 


log 


|2-e„|0-l) + (— 2 )(P- 1 ) 

which is bounded uniformly for p £ 


dz, 


1, with any fixed (5 > 0. As for G'{p), it is much 

easier to check the integration is uniformly bounded since there is no singularity in the integrand. 
Therefore F'{p) and G'{p) are uniformly bounded for p £ 1, and so F{p) and G{p) are 

continuous in the interval. 


The condition (j2.15l) holds for p = 1. Note that for p = 1 the function Ho{x,y) is given by 


Ho{x,y) = 


ai 




-Goix,y) x£ 




Here Go{x,y) is given by 


where 


It has the expression 


-A3,Go(x, y) = Go{x, y), x £ R!}:, 
Go{x,y) = 0 


X £ 


pn— 1 


x{0}. 


Go(x,y) = 


\x — yYi-2 |2;_y*|n-2 


Go{x,y)= Go{x,z)Go{z,y)dz. 


(8.16) 


Since Go{x, y) is symmetric, i.e., Gq{x, y) = Go(y, x) for all x,y £ R" , so is Gq{x, y). Thus, we see 
from (I8.16P that F[o{x,y) = F[o{y,x). 






































40 


WOOCHEOL CHOI 


We note that 


|z —te„|” 2 | 2 : + ie„|" |z + te 


|n-2 


+ (n — 2)cn I 

Jd 


2 t 


1 


1 


agn |te„ - y\^ 2(n - 4) |y - 


dz 


dy 


= t 


4-r 


z - e, 


\n-2 


ai 


+ ”(n - 2)c„ [ 

Jdw. 


1 


1 


-dz 

1 


nQ;(n) |e„ - y|"- 2(n - 4) |?/ - e„ 


1—4 


dy 




Combining the symmetric property with (j8.17|) , we get 


d 

dXn 


Wo{x) 


A. 

dXr 


■Ho{x,en) 


I f d ~ 


1 

2 dt 


(tCn: 


(4 — n) 


di : Cti) . 


(8.17) 


(8.18) 


It is easy to check from (j8.16|) that {—A)Ho > 0 in R" and iJo > 0 on cIR". Thus we have 
I?o(en,e„) 7 ^ 0. Combining this fact with (18.181) we deduce that gf-ITo_j(e„) < 0, which implies 
that p.l5l) holds for p = 1. The proof is finished. □ 


Appendix A. The proof of Lemma [2T2] 
In this appendix, we give the proof of Lemma [22] stated as follows. 
Lemma A.l. For {x,y) G id x H we have 


dd{x,y) = 


Cn 


\x-y 


■* In—2 


o 


d(2/) 


\x-y 


*|n—2 / ’ 


and 




d(2/) 


(A.l) 


(A.2) 


|a; —y’l" \d(a;)|a; — 

Proof. Fix a point y G fl. For simplicity we assume that 0 G did, d(?/) = dist(?/,0), and y = 
(0, • • • ,0,d(?/)). Then, for a small value r > 0 the boundary dO, D B{Q,r) is parametrized as 
w = {zi,--- , Zn-i, f{z)) with a function / : —>• R+ such that /(O) = 0 and V/(0) = 0. We 

note that y* = (0, • • • ,0, — d(y)). It will be clear in the proof that this setting does not lose any 
generality. 

Now we set £) : II x 11 —>■ R by 

Cn 


D{x,y) = H{x,y) - 


\x-y 


* In—2 ' 


and it then suffices to estimate this function for our purpose. The function D{x,y) satisfies 

f -Aj;D{x,y)=0 xGfl, 

\ dd{x,y) = - |,_; 7 |n -2 a: e dil. 
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Denote by i^(x, y) : D x D —>■ E the Neumann kernel of D such that we have 

g{x)= [ K{x,y)f{y)dSy 
Jan 

whenever {—A)g{x) = 0 in and g{x) = f{x) on under suitable regularity assumptions on / 
and g. Then it is well-known that \K{x^w)\ < for some constant C = (7(17) > 0. Using 

this we can estimate D{x, y) as 


\D{x,y)\ = 

< C 

= c 


an 


K(x, w) 
d(a;) 


1 1 


dS,. 


'an \x - w| 


\ijU — y\n-2 |y;_y*|n-2 


f d(a;) 

JannB^{o,r) k ~ ^1 

+ C 


dSu 

1 




iw-r 


dSy, 


(A.3) 


f d(a;) 

1 

1 

/annB"(o,r)= \x - w|” 

w — 2/ 

\w - y*|"-2 


dS„ 


=■■ h + h- 

It is easy to see that for a universal constant C = (7(17) > 0 we have 


We then can deduce that 
1 


— \w — y\<\w — y*\ < C\'w — y\ 'iw € 517. 
o 


11'*^ — y|” 2 _ 1 ^ _ y*|n 2| 

Ire — — y*|"-2 

C\w - y\'^~^\\w -y\-\w-y* 


|u> — y|" ^ \w — y*\^ ^ 


(A.4) 


(A.5) 


< 


\w — y\‘^~^\'w — y*\^~^ 

For w G 517 we may write w—y = {wi, ■ ■ ■ , Wn-i,Wn—d{y)) and w—y* = {wi, ■ ■ ■ , Wn-i,Wn+d{y)). 
Hence 


'-y\-\w-y*\ = 


- 2 /P - |w - y* 


-4wnd{y) 


(A.6) 


\w-y\ + \w-y*\ \w - y\ + \w - y*\' 

First we shall estimate l 2 - Note that \w — y\ > for all w G 517 fl JJ(0, r)'^. Hence we may deduce 
from (IA.6I) that 

Iw-yl- Iw- y*\ < Cd{y), 

and also, from (IA.5I) . 

1 1 


Using this we get 


l2=c 


= C 


L 


\yy — y\n-2 |^_y*|n-2 


f d(x) 

anns^/o.r)' 1^^ ~ '*^1' 

d(a^) 

annB"(o,r)'= 1^^ ~ '*^1' 


< Cd{y). 


\yy — y\n-2 |^_y*|ra-2 


■0(d(2/))d5^ = 0(d(y)). 


dSy, 


(A.7) 


Next we shall estimate/i- Remind that 517ni3"(0, r) is parametrized by the map w : H" ^(Ojr) 
517 n H"(0, r) defined by 

w{z) = {zi,--- ,Zn-lJ{z)) for Z = {zi,--- ,Zn-l) 


Using this we write 


w{z)-y = {zi,--- ,Zn-iJ{z)-d{y)) and w{z) - y* = {zi,-■ ■ ,Zn-i, f{z) + d{y)). (A.8) 
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This enables us to get the estimate 

\w-y\-\w- y*\ = 


- j/|2 - |w - y* 


2 f{z)d{y) 


< 


\w-y\ + \w-y*\ \w-y\ + \w-y* 

/(^)d(2/) 


(A.9) 


\w-y\ 

Using the estimates (IA.4|) . (IA.5I) and (jA.9|) . we find 

Cn Cn 




\w - 


< 


Thus, 
h = 


f d(a^) 

annB'*(o.r) I® ~ '“^1 


\yj — y\n-2 |^_y*|n-2 


Cfiz)d{y) 
|w - y\^ 

L 


dS^ < C 


d(a;) fiz)d{y) 
B"-i(o.r) k - w{z)\’^ \w{z) - y*\' 


Since /(O) = 0 and V/(0) = 0, we have f{z) = 0(|zp), and we note that 

|z| < |w(- 2 ) — y*| Vz G r). 


Using this we find 


Ii<C 

< c 


f d(a;) \z\'^d{y) 

S"-I( 0 .r) \x-w{z)\^ \w{z)-y*\ 
f d(a;) d(y) 


-dz 


rdz 


is(o.r-) \x-w[z)\^\w[z)-y*\^ 2 
We have to bound this by O ^ ^ ■ For this aim, we split the region i?”“^(0,r) as 


B—i( 0 ,r) = A 1 +A 2 +A, 


3i 


where 


z G B”-I(0,r) : 

|x — w(z)| < ■ 

\x-y*\\ 

2 i 

z G B”-i(0,r) : 

\w{z) - y*\ < 

\x-y*\' 

2 

z G B”-^(0,r) : 

\x — ^(z) > ■ 

\x-y*\ 1 
2 ’' 


\x-y 


For any z G B" ^(0, r), we have the triangle inequality 

|a; - w{z)\ + \y* - w{z)\ > \x-y*\. 
For z G Ai we see from (lA.lOl) that \y* — w{z)\ > ^\x — y*\. Thus, 


(A.IO) 


d{x) 


d(2/) 


Ia^ lx- w(z)|" \w{z)-y 


* In—2 


dS, < 


d(y) 


For z G A 2 we see from (lA.lOl) that |x — w{z)\ > ^\x — y*\. Using this we find 


x-y 

1 

2 


In—2 


d(x) Cd{y) 


IA 


^ |x-m;(z)|" \x-y 


In—2 ' 


d(x) 


d(y) 


Ia2 |x - w(z)|" |w(z) - 2 


dS, < 


< 


1 


C'd(z)d(;/) _ 

|a; - 2/* I” Ja2 \w{z) - 

Cd(x)d(^) 

\x-y 


dz 


* In—1 


For z G A 3 we have 

I * / M \y*-wiz)\ \y*-w{z)\ \x-y*\ \y* - w{z)\ |x-w(z)| 

\y - w{z)\ = -1->-1-> -. 


dz. 


2 


2 


4 


2 


4 














































1 


Using this we get 

f d(a:) 


d(y) 


I A, - w{z)\^ \w{z) - y* 


< Cd(x)d(y) f 

J\3 

d{x)d{y) 


\x-w{z) 


rdz 


< c- 


\x-y 


* In—1 


The above estimates along with that d(a;) < \x — y*\ yields that 

Cd{y) 


h < 


\x-y 


* |n—2 ' 


Combining this and (IA.7I) we get the desired estimate (lA.ll) . To get the second estimate (IA.2|) , we 
note that the function a -A H{a,y) — |^_°r| 7 i-a is a harmonic on B(x,d{x)). Hence we may use 
the standard regularity theory and deduce from (12.51) that 


dx 

The lemma is proved. 




\x - y’ 


d(a;) 


■O 


d(y) 


F - r 


□ 
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